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Ìàãiñòåðñüêà äèñåðòàöiß: 59 ñòîðiíîê, ñëàéäiâ äëß ïðîåêòîðà, 31 ïåð-
øîäæåðåë.
Âèâ÷àþòüñß àñèìïòîòè÷íi âëàñòèâîñòi îöiíêè íàéìåíøèõ êâàäðàòiâ ïàðà-
ìåòðiâ ñèíóñî¨äíî¨ ìîäåëi òåêñòóðîâàíî¨ ïîâåðõíi.
Ìåòà ðîáîòè ïîëßãà¹ â îòðèìàííi âèìîã äî ïàðàìåòðè÷íî¨ ìíîæèíè òà
âèïàäêîâîãî ïîëß, ßêèì ìîäåëþ¹òüñß âèïàäêîâèé øóì, çà ßêèõ îöiíêè íàé-
ìåíøèõ êâàäðàòiâ íåâiäîìèõ àìïëiòóä òà êóòîâèõ ÷àñòîò ñóìè äâîâèìiðíèõ
ãàðìîíi÷íèõ êîëèâàíü ¹ ñèëüíî êîíñèñòåíòíèìè òà àñèìïòîòè÷íî íîðìàëü-
íèìè.
Çàâäàííßì ðîáîòè ¹ îòðèìàííß ðåçóëüòàòiâ ïðî ñèëüíó êîíñèñòåíòíiñòü
òà àñèìïòîòè÷íó íîðìàëüíiñòü îöiíêè íàéìåíøèõ êâàäðàòiâ ïàðàìåòðiâ ñè-
íóñî¨äíî¨ ìîäåëi òåêñòóðîâàíî¨ ïîâåðõíi. Îá'¹êòîì äîñëiäæåííß ¹ òðèãîíîìå-
òðè÷íà ìîäåëü ðåãåðåñi¨ íà ïëîùèíi ç íåïåðåðâíèì ïàðàìåòðîì ñïîñòåðåæåíü.
Ïðåäìåòîì äîñëiäæåííß ¹ âëàñòèâîñòi êîíñèñòåíòíîñòi òà àñèìïòîòè÷íî¨ íîð-
ìàëüíîñòi îöiíêè íàéìåíøèõ êâàäðàòiâ ïàðàìåòðiâ òðèãîíîìåòðè÷íî¨ ìîäåëi
ðåãðåñi¨ íà ïëîùèíi.
Äëß îòðèìàííß âêàçàíèõ ðåçóëüòàòiâ âèêîðèñòàíî ñêëàäíi ïîíßòòß òåî-
ði¨ éìîâiðíîñòåé i ìàòåìàòè÷íî¨ ñòàòèñòèêè, ìåòîäè ñòàòèñòè÷íîãî àíàëiçó
âèïàäêîâèõ ïîëiâ, òåîðåìó Áðàóåðà ïðî íåðóõîìó òî÷êó.
Âïåðøå â ìîäåëi òðèãîíîìåòðè÷íî¨ ðåãðåñi¨ íà ïëîùèíi ç îäíîðiäíèì òà
içîòðîïíèì ãàóññiâñüêèì ïîëåì ó ßêîñòi øóìó äîâåäåíî ñèëüíó êîíñèñòåí-
òíiñòü òà àñèìïòîòè÷íó íîðìàëüíiñòü îöiíêè íàéìåíøèõ êâàäðàòiâ íåâiäîìèõ
ïàðàìåòðiâ, êîâàðiàöiéíó ìàòðèöþ ãðàíè÷íîãî íîðìàëüíîãî çàêîíó çàïèñàíî
â ßâíîìó âèãëßäi. Öå âèçíà÷à¹ àêòóàëüíiñòü, âàæëèâiñòü òà íîâèçíó îòðèìà-
íèõ ðåçóëüòàòiâ äëß ñòàòèñòèêè âèïàäêîâèõ ïîëiâ.
Êëþ÷îâi ñëîâà: Ñèíóñî¨äíà ìîäåëü, òåêñòóðîâàíà ïîâåðõíß, îäíîðiäíå òà
içîòðîïíå âèïàäêîâå ïîëå, îöiíêà íàéìåíøèõ êâàäðàòiâ, êîíñèñòåíòíiñòü, àñèì-
ïòîòè÷íà ¹äèíiñòü, òåîðåìà Áðàóåðà ïðî íåðóõîìó òî÷êó, àñèìïòîòè÷íà íîð-
ìàëüíiñòü.
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Abstract
Master degree thesis contains 59 pages, slides for projector, 31 primary
sourses.
The least squares estimator asymptotic properties of textured surface sinusoi dal
model parameters are studied.
The goal of the work lies in obtaining requirements to parametric set and
random field that plays the role of random noise to ensure strong consistency and
asymptotic normality of unknown amplitudes and angular frequencies the least
squares estimator of a sum of bivariate harmonic oscillations.
The task of the research is receiving results on the least squares estimator
strong consistency and asymptotic normality of textured surface sinusoidal model
parameters. Trigonometric regression model on the plane with continuous observa-
tion parameter is the object of the studying. Consistency and asymptotic normali-
ty of trigonometric regression model parameters the least squares estimator on the
plane is the research subject.
For obtaining the thesis results complicated concepts of probability theory and
mathematical statistics, methods of statistical analysis of random fields, Brouwer
fixed point theorem have been used.
For the first time in trigonometric regression model on the plane with homoge-
neous and isotropic Gaussian random noise the least squares estimator consistency
and asymptotic normality of unknown parameters are proved, covariance matrix
of the limiting normal law is written down in explicit form. These facts determine
urgency, importance and novelty of results obtained for statistics of random fields.
Key words: sinusoidal model, textured surface, homogeneous and, isotropic
random field, the least squares estimator, consistency, asymptotic uniqueness,
Brouwer fixed point theorem, asymptotic normality.
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Âñòóï
Ó ðîáîòi ðîçãëßíóòî äâîâèìiðíó ñèíóñî¨äíó ìîäåëü ñïîñòåðåæåíü òåêñ-
òóðîâàíî¨ ïîâåðõíi, ðiçíîìàíiòíi äèñêðåòíi ìîäèôiêàöi¨ ßêî¨ îòðèìàëè âåëè-
êó óâàãó â ëiòåðàòóði ç îáðîáêè ñèãíàëiâ, çàâäßêè ¨õ çàñòîñóâàííþ â àíàëiçi
òåêñòóð [14], çîêðåìà, â îáðîáöi, òàê çâàíèõ, ñèìåòðè÷íèõ îáðàçiâ âiäòiíêiâ
ñiðîãî (symmetric gray-scale texture images), ó òîìó ðîçóìiííi, ùî iíòåíñèâ-
íiñòü ñiðîãî êîëüîðó â áóäü-ßêié òî÷öi öüîãî îáðàçó ïðîïîðöiéíà çíà÷åííþ
ïðîöåñó, ùî ñïîñòåðiãà¹òüñß, ó öié òî÷öi. Öß ïðîáëåìà ìà¹ ñïåöiàëüíèé iíòå-
ðåñ ó ñïåêòðàëüíîìó àíàëiçi [5, 6], äèâ. òàêîæ [4] òà ïðèñóòíi òàì ïîñèëàííß
íà ïðèêëàäíi ïóáëiêàöi¨ ç óêàçàíî¨ ïðîáëåìàòèêè.
Â íàøié ðîáîòi îòðèìàíî âëàñòèâîñòi êîíñèñòåíòíîñòi òà àñèìïòîòè÷íî¨
íîðìàëüíîñòi îöiíêè íàéìåíøèõ êâàäðàòiâ (ÎÍÊ) íåâiäîìèõ ïàðàìåòðiâ ñè-
íóñî¨äíî¨ ìîäåëi ó âèïàäêó, êîëè âèïàäêîâèé øóì ¹ îäíîðiäíèì òà içîòðîïíèì
ãàóññiâñüêèì ïîëåì íà ïëîùèíi [7, 8]. Ç ìàòåìàòè÷íî¨ òî÷êè çîðó òàêà ïîñòà-
íîâêà çàäà÷i îöiíþâàííß ¹ ïðèðîäíèì óçàãàëüíåííßì äîáðå âiäîìî¨ ïðîáëåìè
âèßâëåííß ïðèõîâàíèõ ïåðiîäè÷íîñòåé (äèâ., íàïðèêëàä, [911]).
Ó äèñêðåòíié ïîñòàíîâöi çàäà÷i, êîëè ïîìèëêè ñïîñòåðåæåíü ¹ íåçàëåæíè-
ìè îäíàêîâî ðîçïîäiëåíèìè âèïàäêîâèìè âåëè÷èíàìè, çîêðåìà, ãàóññiâñüêè-
ìè, àñèìïòîòè÷íi âëàñòèâîñòi ÎÍÊ áóëî ðîçãëßíóòî â ðîáîòàõ [12, 13]. Äëß
ïîìèëîê ñïîñòåðåæåíü, ùî óòâîðþþòü äèñêðåòíå ëiíiéíå îäíîðiäíå ïîëå, öi
ðåçóëüòàòè óçàãàëüíåíî â [14]. Çàóâàæèìî òàêîæ, ùî â ðîáîòi [15] ðîçãëß-
íóòî áàãàòîïàðàìåòðè÷íå ãàðìîíi÷íå êîëèâàííß, ùî ñïîñòåðiãà¹òüñß íà ôîíi
îäíîðiäíîãî âèïàäêîâîãî ïîëß, ó ßêîãî iñíóþòü ñïåêòðàëüíi ùiëüíîñòi âñiõ
ïîðßäêiâ. Äëß òàêî¨ ìîäåëi ñôîðìóëüîâàíî äåßêi ðåçóëüòàòè ïðî àñèìïòîòè-
÷íó ïîâåäiíêó ïåðiîäîãðàìíèõ îöiíîê i ÎÍÊ íåâiäîìèõ àìïëiòóä i êóòîâèõ
÷àñòîò öüîãî ãàðìîíi÷íîãî êîëèâàííß. Â ìîíîãðàôi¨ [16] ðîçãëßäàëàñß çàäà÷à
îöiíþâàííß êóòîâèõ ÷àñòîò áàãàòîïàðàìåòðè÷íîãî ñèãíàëó, ïåðiîäè÷íîãî çà
êîæíîþ çìiííîþ, ùî ñïîñòåðiãà¹òüñß íà ôîíi îäíîðiäíîãî âèïàäêîâîãî ïîëß,
ßêå çàäîâîëüíß¹ óìîâi ñèëüíîãî ïåðåìiøóâàííß.
Ìàãiñòåðñüêà äèñåðòàöiß ñêëàäà¹òüñß iç ÷îòèðüîõ ðîçäiëiâ.
Ó 1-ìó ðîçäiëi ðîçãëßíóòî ìîäåëü ñïîñòåðåæåíü òà âèñóíóòî âèìîãè äî ïà-
ðàìåòðè÷íî¨ ìíîæèíè, â ßêié ìè øóêà¹ìî ÎÍÊ àìïëiòóä òà êóòîâèõ ÷àñòîò
ñóìè äâîâèìiðíèõ ãàðìîíi÷íèõ êîëèâàíü. Ñïðàâà â òîìó, ùî òðèãîíîìåòðè-
÷íà ôóíêöiß ðåãðåñi¨ ïîãàíî ðîçðiçíß¹ ïàðàìåòðè. Äëß òîãî, ùîá äîïîìîãòè
¨é ðîçðiçíßòè ïàðàìåòðè êðàùå, ìè ñëiäîì çà À. Ì. Óîëêåðîì [17], ðîçãëßäà¹-
ìî ñèñòåìó ïàðàìåòðè÷íèõ ìíîæèí, ßêà äîçâîëß¹ òàê îçíà÷èòè ÎÍÊ, ùî ìè
ìîæåìî äîâåñòè òåîðåìó 1 ïðî ñèëüíó êîíñèñòåíòíiñòü öi¹¨ îöiíêè, çðîáèâ-
øè ïîòðiáíi ïðèïóùåííß ùîäî âèïàäêîâîãî øóìó, ùî ¹ âèïàäêîâèì ïîëåì íà
ïëîùèíi, òà ïîâåäiíêè éîãî êîâàðiàöiéíî¨ ôóíêöi¨.
Ó 2-ìó ðîçäiëi äëß çàãàëüíî¨ íåëiíiéíî¨ ìàäåëi ðåãðåñi¨ äîâåäåíî òåîðåìó
ðåäóêöi¨ (òåîðåìà 2), ßêà äîçâîëß¹ â ïîäàëüøîìó òåêñòi ðîáîòè çâåñòè äî-
âåäåííß àñèìïòîòè÷íî¨ íîðìàëüíîñòi ÎÍÊ äî äîâåäåííß àñèìïòîòè÷íî¨ íîð-
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ìàëüíîñòi ÎÍÊ â äåßêié äîïîìiæíié ëiíiéíié ìîäåëi ðåãðåñi¨. Òàêèì ÷èíîì,
ôàêòè÷íî, òåîðåìà 2 ¹ òåîðåìîþ ëiíåàðèçàöi¨. Îñêiëüêè ìè ðîáèìî ïðèïóùå-
ííß ïðî ãàóññiâiñòü øóìó, äëß îòðèìàííß àñèìïòîòè÷íî¨ íîðìàëüíîñòi ÎÍÊ â
ëiíiéíié ìîäåëi äîñòàòíüî äîâåñòè çáiæíiñòü ¨¨ êîâàðiàöiéíî¨ ìàòðèöi äî äåßêî¨
ãðàíèöi. Ïåðåâiðåíî, ùî ñèíóñî¨äíà ìîäåëü çàäîâîëüíß¹ óìîâàì òåîðåìè 2.
Ðèñ. 1: Ãðàôiê ðåàëüíèõ äàíèõ
Ó 3-ìó ðîçäiëi äëß çàãàëüíî¨ íåëiíiéíî¨ ìîäåëi ðåãðåñi¨ äîâåäåíî òåîðåìó 3
ïðî àñèìïòîòè÷íó ¹äèíiñòü êîíñèñòåíòíî¨ ÎÍÊ i ïîêàçàíî, ùî òðèãîíîìåòðè-
÷íà ôóíêöiß ðåãðåñi¨ çàäîâîëüíß¹ óìîâàì öi¹¨ òåîðåìè.
Ó îñòàííüîìó, 4-ìó ðîçäiëi ç âèêîðèñòàííßì ðåçóëüòàòiâ ïîïåðåäíiõ ðîç-
äiëiâ, ïîíßòòß ñïåêòðàëüíî¨ ìiðè ôóíêöi¨ ðåãðåñi¨ òà òåîðåìè Áðàóåðà ïðî
íåðóõîìó òî÷êó äîâåäåíî çàãàëüíó òåîðåìó 4 ïðî àñèìïòîòè÷íó íîðìàëü-
íiñòü ÎÍÊ â ñåíñi Óîëêåðà. Äàëi çíàéäåíî ñïåêòðàëüíó ìiðó òðèãîíîìåòðè-
÷íî¨ ôóíêöi¨ ðåãðåñi¨ òà îòðèìàíî òåîðåìó 5 ïðî àñèìïòîòè÷íó íîðìàëüíiñòü
ÎÍÊ ïàðàìåòðiâ ñèíóñî¨äíî¨ ìîäåëi òåêñòóðîâàíî¨ ïîâåðõíi.
Çàóâàæèìî, ùî äîâåäåííß àñèìïòîòè÷íî¨ íîðìàëüíîñòi ÎÍÊ âèêîðèñòî-
âó¹ ñõåìó, çàïðîïîíîâàíó â ðîáîòàõ [10,11], àëå òåîðåìè 2-4 ¹ ïîëüîâèìè óçà-
ãàëüíåííßìè âiäïîâiäíèõ ôàêòiâ âêàçàíèõ ðîáiò.
Ðåçóëüòàòè 1-ãî ðîçäiëó íàäðóêîâàíî â ðîáîòàõ [18,19] òà äîïîâiäàëèñß íà
VI âñåóêðà¨íñüêié êîíôåðåíöi¨ ìîëîäèõ â÷åíèõ ç ìàòåìàòèêè òà ôiçèêè [20] i
íà XVIII ìiæíàðîäíié êîíôåðåíöi¨ iìåíi àêàäåìiêà Ìèõàéëà Êðàâ÷óêà [21].
Ðåçóëüòàòè ðîçäiëiâ 2-4 äîïîâiäàëèñß íà VII âñåóêðà¨íñüêié êîíôåðåíöi¨
ñòóäåíòiâ, àñïiðàíòiâ òà ìîëîäèõ â÷åíèõ [22].
Ñóêóïíiñòü îòðèìàíèõ â ìàãiñòåðñüêié äèñåðòàöi¨ ðåçóëüòàòiâ áóëà íàãî-
ðîäæåíà ó 2018 ðîöi äèïëîìîì II ñòóïåíß íà Âñåóêðà¨íñüêîìó êîíêóðñi ñòó-
äåíòñüêèõ íàóêîâèõ ðîáiò ç ãàëóçi çíàíü (ñïåöiàëüíîñòi) "Ìàòåìàòèêà òà ñòà-
òèñòèêà. Ïðèêëàäíà ìàòåìàòèêà (ìåõàíiêà)".
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1 Êîíñèñòåíòíiñòü îöiíêè íàéìåíøèõ êâàäðà-
òiâ
Ðîçãëßíåìî ìîäåëü ñïîñòåðåæåíü
X(t1, t2) = g(t1, t2; θ
0) + ε(t1, t2), t = (t1, t2) ∈ R2+, (1.1)
äå
g(t1, t2; θ
0) =
N∑
k=1
(A0k cos(λ
0
kt1 + µ
0
kt2) +B
0
k sin(λ
0
kt1 + µ
0
kt2)), (1.2)
θ0 = (θ01, θ
0
2, θ
0
3, θ
0
4, ..., θ
0
4N−3, θ
0
4N−2, θ
0
4N−1, θ
0
4N) =
= (A01, B
0
1 , λ
0
1, µ
0
1, ..., A
0
N , B
0
N , λ
0
N , µ
0
N), (1.3)
÷èñëî N ≥ 1 ¹ âiäîìèì; (A0k)2 + (B0k)2 > 0, k = 1, N ,  âåêòîð iñòèííèõ çíà-
÷åíü íåâiäîìèõ ïàðàìåòðiâ; ε = {ε(t1, t2), (t1, t2) ∈ R2}  çàäàíå íà ïîâíîìó
éìîâiðíiñíîìó ïðîñòîði (Ω,=,P) âèïàäêîâå ïîëå, âiäíîñíî ßêîãî ïðèïóñòèìî
òàêå.
N. ε  íåïåðåðâíå â ñåðåäíüîìó êâàäðàòè÷íîìó òà ìàéæå íàïåâíî (ì. í.)
îäíîðiäíå ãàóññiâñüêå ïîëå ç íóëüîâèì ñåðåäíiì, êîâàðiàöiéíà ôóíêöiß ßêîãî
B(t1, t2) = Eε(t1, t2)ε(0, 0), (t1, t2) ∈ R2, çàäîâîëüíß¹ îäíó ç óìîâ:
(i) ïîëå ε ¹ içîòðîïíèì òà B(t1, t2) = B(‖t‖) = L(‖t‖)‖t‖−α, α ∈ (0, 1), äå L
 ìîíîòîííî íåñïàäíà ïîâiëüíî çìiííà íà íåñêií÷åííîñòi ôóíêöiß, t = (t1, t2),
‖t‖ = (t21 + t22)1/2.
(ii)
∫
R2
|B(t1, t2)|dt1dt2 <∞.
Ôóíêöi¨ ðåãðåñi¨ (1.2), ßê i êëàñè÷íi òðèãîíîìåòðè÷íi ôóíêöi¨ ðåãðåñi¨ (µ0k =
0, k = 1, N) ïðè N ≥ 2 íå íàéêðàùèì ÷èíîì ðîçðiçíßþòü ïàðàìåòðè, ó
òîìó ðîçóìiííi, ùî íå çàäîâîëüíßþòü óìîâè æîäíî¨ çàãàëüíî¨ òåîðåìè ïðî
êîíñèñòåíòíiñòü ÎÍÊ ïàðàìåòðiâ íåëiíiéíèõ ìîäåëåé ðåãðåñi¨ (äèâ., íàïðè-
êëàä, [8, 23]). Òàêèì ÷èíîì, äëß äîâåäåííß êîíñèñòåíòíîñòi ÎÍÊ ïàðàìåòðiâ
(1.3) òðåáà äîïîìîãòè òðèãîíîìåòðè÷íié ôóíêöi¨ ðåãðåñi¨ ðîçðiçíßòè ïàðàìå-
òðè, îáèðàþ÷è, íàïðèêëàä, äëß âèçíà÷åííß ÎÍÊ òàêó ïàðàìåòðè÷íó ìíîæè-
íó, â ßêié ïàðàìåòðè âæå áóäóòü äîáðå ðîçðiçíßòèñü.
Äëß òî÷îê (a, b), (c, d) íà ïëîùèíi áóäåìî ïèñàòè (a, b) < (c, d), ßêùî
a < c, b < d. Ó öié ðîáîòi ìè ðîçãëßäà¹ìî ìîäåëü (1.1)(1.3), â ßêié âèêîíàíî
íàñòóïíå ïðèïóùåííß.
R1. (λ0k, µ
0
k) < (λ
0
k+1, µ
0
k+1), k = 1, N − 1, i âñi âåëè÷èíè λ0j , µ0j , i, j = 1, N ,
 äîäàòíi òà ðiçíi.
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Öå ïðèïóùåííß îçíà÷à¹, ùî ïàðàìåòðè÷íi ìíîæèíè, â ßêèõ ïåðåáóâàþòü
çíà÷åííß ïàðàìåòðiâ λ0 = (λ01, ..., λ
0
N), µ
0 = (µ01, ..., µ
0
N) ìàþòü âèãëßä
Λ(λ, λ) = {λ = (λ1, ..., λN) ∈ RN : 0 ≤ λ < λ1 < ... < λN < λ <∞}, (1.4)
M(µ, µ) = {µ = (µ1, ..., µN) ∈ RN : 0 ≤ µ < µ1 < · · · < µN < µ <∞}. (1.5)
Ïîçíà÷èìî
QT (θ) = T
−2
∫ T
0
∫ T
0
[X(t1, t2)− g(t1, t2; θ)]2dt1dt2. (1.6)
Çà ñòàíäàðòíèì îçíà÷åííßì ÎÍÊ ïàðàìåòðà θ0, îòðèìàíî¨ çà ñïîñòåðåæå-
ííßìè ïîëß X(t1, t2), (t1, t2) = [0, T ]× [0, T ], íàçèâà¹òüñß áóäü-ßêèé âèïàäêî-
âèé âåêòîð
θT = (A1T , B1T , λ1T , µ1T , ..., ANT , BNT , λNT , µNT ), (1.7)
ùî ìiíiìiçó¹ ôóíêöiîíàë (1.6) íà ïàðàìåòðè÷íié ìíîæèíi Θ ⊂ R4N , â ßêié
Ak, Bk, k = 1, N , ìîæóòü íàáóâàòè áóäü-ßêèõ çíà÷åíü, à λ, µ  ó çàìêíåíèõ
ìíîæèíàõ Λc(λ, λ), M c(µ, µ).
Íèæ÷å äëß îòðèìàííß ñïiââiäíîøåíü (1.28), (1.29) òà â ïîäàëüøèõ îá÷è-
ñëåííßõ òðåáà çàáåçïå÷èòè çáiæíiñòü ì. í. äî íóëß ïðè T →∞ âåëè÷èí
sinT (λkT − λjT )
T (λkT − λjT ) ,
sinT (µkT − µjT )
T (µkT − µjT ) ,
sinT (λkT − λ0j)
T (λkT − λ0j)
,
sinT (µkT − µ0j)
T (µkT − µ0j)
, k 6= j; sinTλkT
TλkT
,
sinTµkT
TµkT
, k = 1, N. (1.8)
Îäíàê, êîðèñòóþ÷èñü íàâåäåíèì îçíà÷åííßì îöiíîê λT = (λ1T , ..., λNT ),
µT = (µ1T , ..., µNT ), íåìîæëèâî ç'ßñóâàòè ïîâåäiíêó çíàìåííèêiâ äðîáiâ (1.8)
ïðè T →∞.
À. Ì. Óîëêåð [17] ñâîãî ÷àñó çàïðîïîíóâàâ ó êëàñè÷íié çàäà÷i âèßâëåííß
ïðèõîâàíèõ ïåðiîäè÷íîñòåé òàêó ìîäèôiêàöiþ îçíà÷åííß ÎÍÊ êóòîâèõ ÷à-
ñòîò, ßêà çàáåçïå÷ó¹ i â íàøié ïîñòàíîâöi çàäà÷i çáiæíiñòü âiäíîøåíü (1.8) äî
íóëß. Öå íàäà¹ ìîæëèâiñòü äîâåñòè êîíñèñòåíòíiñòü óêàçàíèõ îöiíîê. Ñåíñ
òàêî¨ ìîäèôiêàöi¨ ïîëßãà¹ â òîìó, ùî îöiíêà (1.7) âèçíà÷à¹òüñß ßê òî÷êà ìi-
íiìóìó ôóíêöiîíàëà (1.6) íà ïàðàìåòðè÷íié ìíîæèíi, ùî çàëåæèòü âiä T i
àñèìïòîòè÷íî ïðè T →∞ äîáðå ðîçðiçíß¹ ñóêóïíîñòi ÷àñòîò λ i µ.
Ââåäåìî äâi ìîíîòîííî íåñïàäíi ñiì'¨ âiäêðèòèõ ìíîæèí
ΛT ⊂ Λ(λ, λ), MT ⊂M(µ, µ), T ≥ T0 > 0, (1.9)
ßêi ìiñòßòü iñòèííi çíà÷åííß ïàðàìåòðiâ λ0, µ0, âiäïîâiäíî, òà çàäîâîëüíßþòü
íàâåäåíi íèæ÷å óìîâè.
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R2. lim
T→∞
inf
1≤j≤N−1
λ∈ΛT
T (λj+1 − λj) = lim
T→∞
inf
1≤j≤N−1
µ∈MT
T (µj+1 − µj) =∞, (1.10)
lim
T→∞
inf
λ∈ΛT
Tλ1 = lim
T→∞
inf
µ∈MT
Tµ1 =∞. (1.11)
Óìîâà (1.11) çàâæäè âèêîíó¹òüñß, êîëè λ > 0, µ > 0. ßêùî ΛT ⊂ Λ(0, λ),
MT ⊂M(0, µ), òî äëß âèêîíàííß (1.10), (1.11) ìîæíà ðîçãëßäàòè, íàïðèêëàä,
ìíîæèíè ΛT , MT òàêi, ùî
inf
1≤j≤N−1
λ∈ΛT
(λj+1 − λj) = inf
1≤j≤N−1
µ∈MT
(µj+1 − µj) = inf
λ∈ΛT
λ1 = inf
µ∈MT
µ1 = T
−1/2. (1.12)
Ñåíñ ïðèïóùåíü (1.10), (1.11) ïîëßãà¹ â òîìó, ùîá îõîïèòè âèïàäîê îöiíþâà-
ííß áëèçüêèõ ÷àñòîò ó ñóêóïíîñòßõ λ0, µ0 i áëèçüêèõ äî íóëß ÷àñòîò λ01, µ
0
1.
Ðèñ. 2
Íà Ðèñ. 2 çîáðàæåíî ïàðàìåòðè÷íó ìíîæèíó Λ(0, 1) OCBA ïðè N = 3:
0 < λ1 < λ2 < λ3 < 1. Íåîáõiäíî ìàòè íà óâàçi, ùî ìè âiääiëß¹ìî äåßêó
ìàëó ÷àñòèíó ç áîêîâèõ ãðàíåé äëß ðîçðiçíåííß ïàðàìåòðiâ  âiä OCA äëß
âiäîêðåìëåííß λ1 âiä λ2; âiä OCB äëß âiäîêðåìëåííß λ1 âiä 0; âiä OAB äëß
âiäîêðåìëåííß λ2 âiä λ3.
Îçíà÷åííß 1 ÎÍÊ (â ñåíñi Óîëêåðà) âåêòîðíîãî ïàðàìåòðà θ0 âèãëßäó (1.3)
ìîäåëi (1.1), (1.2) íàçâåìî áóäü-ßêèé âèïàäêîâèé âåêòîð θT âèãëßäó (1.7),
ùî ìiíiìiçó¹ ôóíêöiîíàë (1.6) íà ìíîæèíi ïàðàìåòðiâ Θ ⊂ R4N , â ßêié àì-
ïëiòóäè Ak, Bk, k = 1, N , ìîæóòü íàáóâàòè äîâiëüíèõ çíà÷åíü, à êóòîâi
÷àñòîòè λ, µ  ó çàìêíåíèõ ìíîæèíàõ ΛcT , M
c
T .
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Ó ïîäàëüøîìó òåêñòi ñòàòòi ðîçãëßäà¹òüñß ñàìå òàêà ÎÍÊ θT ïàðàìåòðà θ
0.
Íàâåäåíà íèæ÷å ëåìà óçàãàëüíþ¹ âiäïîâiäíèé ðåçóëüòàò ðîáîòè [9]. Ïî-
çíà÷èìî ϕ = (ϕ1, ϕ2) ∈ R2.
Ëåìà 1 ßêùî âèêîíàíî óìîâó N(i), òî äëß ρ < α/6
ξ(T ) = sup
ϕ∈R2
T−2+ρ
∣∣∣∣∫ T
0
∫ T
0
e−i(ϕ1t1+ϕ2t2)ε(t1, t2)dt1dt2
∣∣∣∣→ 0 ì. í., T →∞.
(1.13)
Äîâåäåííß. Ïðîñòi çàìiíè çìiííèõ äîçâîëßþòü çàïèñàòè∣∣∣∣∫ T
0
∫ T
0
e−i(ϕ1t1+ϕ2t2)ε(t1, t2)dt1dt2
∣∣∣∣2 = ∫ T
0
∫ T
0
e−iϕ1(t1−s1)×
×
∫ T
0
∫ T
0
e−iϕ2(t2−s2)ε(t1, t2)ε(s1, s2)dt1dt2ds1ds2 = 2
∫ T
0
∫ T
0
cos(ϕ1u1 + ϕ2u2)×
×
∫ T−u1
0
∫ T−u2
0
ε(v1, v2)ε(v1 + u1, v2 + u2)dv1dv2du1du2 + 2
∫ T
0
∫ T
0
cos(ϕ1u1−
−ϕ2u2)
∫ T−u1
0
∫ T−u2
0
ε(v1 + u1, v2)ε(v1, v2 + u2)dv1dv2du1du2.
Ìà¹ìî äàëi
E ξ2(T ) ≤
≤ 2T−4+2ρ
∫ T
0
∫ T
0
E
∣∣∣∣∫ T−u1
0
∫ T−u2
0
ε(v1, v2)ε(v1 + u1, v2 + u2)dv1dv2
∣∣∣∣ du1du2+
+2T−4+2ρ
∫ T
0
∫ T
0
E
∣∣∣∣∫ T−u1
0
∫ T−u2
0
ε(v1 + u1, v2)ε(v1, v2 + u2)dv1dv2
∣∣∣∣ du1du2 ≤
≤ 2T−4+2ρ
∫ T
0
∫ T
0
Ψ
1/2
1 (u1, u2)du1du2 + 2T
−4
∫ T
0
∫ T
0
Ψ
1/2
2 (u1, u2)du1du2,
äå çà ôîðìóëîþ Iñåðëiñà
Ψ1(u1, u2) =
∫ T−u1
0
∫ T−u2
0
∫ T−u1
0
∫ T−u2
0
E ε(v1 + u1, v2 + u2)ε(v1, v2)×
×ε(w1 + u1, w2 + u2)ε(w1, w2)dv1dv2dw1dw2 =
= (T − u1)2(T − u2)2B2(u1, u2)+
+
∫ T−u1
0
∫ T−u2
0
∫ T−u1
0
∫ T−u2
0
B2(v1 − w1, v2 − w2)dv1dv2dw1dw2+
+
∫ T−u1
0
∫ T−u2
0
∫ T−u1
0
∫ T−u2
0
B(v1 − w1 + u1, v2 − w2 + u2)×
13
×B(v1 − w1 − u1, v2 − w2 − u2)dv1dv2dw1dw2 =
=
3∑
j=1
Ψ1j(u1, u2);
Ψ2(u1, u2) =
∫ T−u1
0
∫ T−u2
0
∫ T−u1
0
∫ T−u2
0
E ε(v1 + u1, v2)ε(v1, v2 + u2)×
×ε(w1 + u1, w2)ε(w1, w2 + u2)dv1dv2dw1dw2 =
= (T − u1)2(T − u2)2B2(u1,−u2)+
+
∫ T−u1
0
∫ T−u2
0
∫ T−u1
0
∫ T−u2
0
B2(v1 − w1, v2 − w2)dv1dv2dw1dw2+
+
∫ T−u1
0
∫ T−u2
0
∫ T−u1
0
∫ T−u2
0
B(v1 − w1 + u1, v2 − w2 − u2)×
×B(v1 − w1 − u1, v2 − w2 + u2)dv1dv2dw1dw2 =
=
3∑
j=1
Ψ2j(u1, u2).
Îñêiëüêè
Ψ
1/2
i (u1, u2) ≤
3∑
j=1
Ψ
1/2
ij (u1, u2), i = 1, 2,
òî
E ξ2(T ) ≤
2∑
i=1
3∑
j=1
Iij(T ), Iij(T ) = 2T
−4+2ρ
∫ T
0
∫ T
0
Ψ
1/2
ij (u1, u2)du1du2. (1.14)
Îöiíèìî êîæíó âåëè÷èíó Iij(T ) îêðåìî. Ïîçíà÷èìî bu(v1 − w1, v2 − w2) =
= B(v1 − w1 + u1, v2 − w2 + u2)B(v1 − w1 − u1, v2 − w2 − u2) i çàïèøåìî
Ψ13(u1, u2) =
∫ T−u1
0
∫ T−u1
0
∫ T−u2
0
∫ T−u2
0
b(v1 − w1, v2 − w2)dv1dw1dv2dw2 =
= (T − u1)(T − u2)
∫ T−u1
−(T−u1)
∫ T−u2
−(T−u2)
(
1− |t1|
T − u1
)(
1− |t2|
T − u2
)
bu(t1, t2)×
×dt1dt2 = T 2(T − u1)(T − u2)
∫ 1−u1T−1
−(1−u1T−1)
∫ 1−u2T−1
−(1−u2T−1)
(
1− |t1|
1− u1T−1
)
×
×
(
1− |t2|
1− u2T−1
)
bu(Tt1, T t2)dt1dt2 ≤
≤ T 2(T − u1)(T − u2)
∫ 1
−1
∫ 1
−1
bu(Tt1, T t2)dt1dt2 ≤
14
≤ T 2(T − u1)(T − u2)
[
B(0)
∫ 1
0
∫ 1
0
B(Tt1 + u1, T t2 + u2)dt1dt2+
+B(0)
∫ 0
−1
∫ 0
−1
B(Tt1 − u1, T t2 − u2)dt1dt2+
+
(∫ 1
0
∫ 0
−1
+
∫ 0
−1
∫ 1
0
)
bu(Tt1, T t2)
]
=
= T 2(t− u1)(T − u2)
4∑
k=1
Ψ
(k)
13 (u1, u2).
Çà óìîâè ëåìè Ψ
(1)
13 = Ψ
(2)
13 , Ψ
(3)
13 = Ψ
(4)
13 , i òîìó ìè îöiíèìî Ψ
(1)
13 òà Ψ
(3)
13 . Îñêiëü-
êè ‖Tt±u‖ ≤ 2√2T , òî äëß äîâiëüíîãî ε > 0 ïðè äîñòàòíüî âåëèêèõ T (íåõàé
ïðè T > T0), çàâäßêè ìîíîòîííîñòi L, îòðèìó¹ìî L (‖Tt± u‖) ≤ (1+ε)L(T ).
Ç iíøîãî áîêó,
‖Tt+ u‖α ≥ T αtα1 , (1.15)
Ψ
(1)
13 ≤ (1 + ε)(1− α)−1B(0)B(T ), T > T0. (1.16)
Ïåðåõîäß÷è äî îöiíêè Ψ
(3)
13 , çàóâàæèìî, ùî äëß 1-ãî ìíîæíèêà bu(Tt1, T t2) ¹
ïðàâèëüíîþ îöiíêà (1.15), à äëß 2-ãî  îöiíêà
‖Tt− u‖α ≥ T αtα2 , (1.17)
òîáòî
Ψ313 ≤ (1 + ε)2(1− α)−2B2(T ), T > T0, (1.18)
òà äëß òèõ ñàìèõ T
I13(T ) ≤ 8
9
√
2×
×
(
(1 + ε)1/2(1− α)−1/2B1/2(0)B1/2(T ) + (1 + ε)(1− α)−1B(T )
)
T 2ρ. (1.19)
Ìiðêóþ÷è àíàëîãi÷íî, îòðèìó¹ìî îöiíêè
Ψ12(u1, u2) ≤ 4B(0)T 2(T − u1)(T − u2)
∫ 1
0
∫ 1
0
B(Tt1, T t2)dt1dt2,
I12(T ) ≤ 16
9
(1 + ε)1/2(1− α)−1/2B1/2(0)B1/2(T )T 2ρ. (1.20)
Êðiì öüîãî, äëß T > T0
I11(T ) ≤ 2T−4+2ρ
∫ T
0
∫ T
0
(T − u1)(T − u2)B(u1, u2)du1du2 ≤
≤ T 2ρ
∫ 1
0
∫ 1
0
B(Tu1, Tu2)du1du2 ≤ 2(1 + ε)(1− α)−1B(T )T 2ρ. (1.21)
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Òàêèì ÷èíîì, iç (1.19)-(1.21) âèïëèâà¹, ùî ïðè T →∞
3∑
j=1
I1j = O(B
1/2(T )T 2ρ). (1.22)
Ïîçíà÷èìî
cu(v1−w1, v2−w2) = B(v1−w1 +u1, v2−w2−u2)B(v1−w1−u1, v2−w2 +u2).
Àíàëîãi÷íî îöiíöi äëß Ψ13(u1, u2) îòðèìó¹ìî
Ψ23(u1, u2) ≤ T 2(T − u1)(T − u2)
(∫ 1
0
∫ 1
0
+
∫ 0
−1
∫ 0
−1
+
∫ 1
0
∫ 0
−1
+
∫ 0
−1
∫ 1
0
)
×
×cu(Tt1, T t2)dt1dt2 = T 2(T − u1)(T − u2)
4∑
k=1
Ψ
(k)
23 (u1, u2).
Çàóâàæèìî, ùî çà óìîâè ëåìè
Ψ
(1)
23 = Ψ
(2)
23 = Ψ
(3)
13 = Ψ
(4)
13 , Ψ
(3)
23 = Ψ
(4)
23 = Ψ
(1)
13 = Ψ
(2)
13 .
Êðiì öüîãî, Ψ21 = Ψ11, Ψ22 = Ψ12. Öå îçíà÷à¹, ùî ïðè T →∞
3∑
j=1
I2j = O(B
1/2(T )T 2ρ). (1.23)
Ñïiââiäíîøåííß (1.22), (1.23) ðàçîì iç (1.15) ïîêàçóþòü, ùî ïðè T →∞
E ξ2(T ) = O(L1/2(T )T−α/2+2ρ). (1.24)
Íåõàé Tn = n
β, äå ÷èñëî β > 0 çàäîâîëüíß¹ ñïiââiäíîøåííß
(
α
2 − 2ρ
)
β =
1 + δ äëß äåßêîãî δ > 0. Òîäi
∑∞
n=1 E ξ
2(Tn) < ∞, òîáòî ξ(Tn) −→
n→∞ 0 ì. í.
Ðîçãëßíåìî ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí
ζn = sup
Tn≤T≤Tn+1
|ξ(T )− ξ(Tn)| ≤
≤ sup
Tn≤T≤Tn+1
sup
ϕ∈R2
∣∣∣∣∣T−2+ρ
∫ T
0
∫ T
0
e−i(ϕ1t1+ϕ2t2)ε(t1, t2)dt−
−T−2+ρn
∫ Tn
0
∫ Tn
0
e−i(ϕ1t1+ϕ2t2)ε(t1, t2)dt
∣∣∣∣∣ ≤
≤
(
T 2−ρn+1
T 2−ρn
− 1
)
ξ(Tn) + T
−2+ρ
n
(∫ Tn+1
Tn
∫ Tn
0
+
∫ Tn
0
∫ Tn+1
Tn
+
∫ Tn+1
Tn
∫ Tn+1
Tn
)
×
×|ε(t1, t2)|dt1dt2 =
4∑
i=1
ζ(i)n .
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Î÷åâèäíî, ζ
(1)
n −→
n→∞ 0 ì. í. Äëß k ∈ N ðîçãëßíåìî
E
(
ζ(2)n
)2k
= T−2k(2−ρ)n
∫ Tn+1
Tn
∫ Tn
0
2k. . .
∫ Tn+1
Tn
∫ Tn
0
E
2k∏
j=1
|ε(t(j)1 , t(j)2 )|
2k∏
j=1
dt
(j)
1 dt
(j)
2 ≤
≤ (2k − 1)!!Bk(0)T−2k(2−ρ)n (Tn+1 − Tn)2kT 2kn =
= (2k − 1)!!Bk(0)
(
Tn+1
Tn
− 1
)2k
T 2kρn = O(n
−2k(1−βρ)), n→∞.
ßêùî βρ < 1, òî âèáîðîì k ìîæíà çàáåçïå÷èòè çáiæíiñòü ðßäó∑∞
n=1 E(ζ
(2)
n )2k < ∞, i ζ(2)n −→
n→∞ 0 ì. í. Ìà¹ìî βρ =
ρ(1+δ)
α/2−2ρ < 1, àáî ρ <
α
2(3+δ) .
Îñêiëüêè δ > 0 ìîæå áóòè ßê çàâãîäíî ìàëèì, òî óìîâà ëåìè ρ < α/6 çàáåç-
ïå÷ó¹ ïîòðiáíó çáiæíiñòü ζ
(2)
n ßê i çáiæíiñòü ζ
(3)
n −→
n→∞ 0 ì. í. Îñêiëüêè
E
(
ζ(4)n
)2
≤ (2k − 1)!!Bk(0)
(
Tn+1
Tn
− 1
)4k
T 2kρn =
= O(n−2k(2−βρ)), n→∞,
òî i ζ
(4)
n −→
n→∞ 0 ì. í. Ëåìó 1 äîâåäåíî. 
Ëåìà 2 ßêùî âèêîíàíî óìîâó N(ii), òî ξ(T ) → 0 ì. í. ïðè T → ∞ äëß
ρ < 1/3.
Äîâåäåííß. Âèêîðèñòîâóþ÷è ïîçíà÷åííß ëåìè 1 òà óìîâó ëåìè 2, îòðèìó¹ìî
äëß i = 1, 2
Ii1(T ) = O(T
−2+2ρ), Ii2(T ) = O(T−1+2ρ), Ii3(T ) = O(T−1+2ρ), T →∞.
(1.25)
Íåõàé Tn = n
β, äå (1− 2ρ)β = 1 + δ, δ > 0. Òîäi, ßê i â ëåìi 1, ξ(Tn) −→
n→∞ 0
ì. í., ζn =
∑4
i=1 ζ
(i)
n . Òîäi ζ
(1)
n −→
n→∞ 0 ì. í., à óìîâà ëåìè ρ < 1/3, ßê i â
äîâåäåííi ëåìè 1, çàáåçïå÷ó¹ çáiæíiñòü ζ
(i)
n −→
n→∞ 0 ì. í., i = 2, 3, 4. 
Òåîðåìà 1 ßêùî âèêîíàíî óìîâè N, R1, R2, òî ÎÍÊ â ñåíñi Óîë-
êåðà θT ¹ ñèëüíî êîíñèñòåíòíîþ îöiíêîþ ïàðàìåòðà θ
0, à ñàìå:
AkT → A0k, BkT → B0k, T (λkT − λ0k) → 0, T (µkT − µ0k) → 0 ì. í. ïðè
T →∞, k = 1, N.
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Äîâåäåííß. Ðîçãëßíåìî ñèñòåìó ëiíiéíèõ ðiâíßíü âiäíîñíî ÎÍÊ
AkT , BkT , k = 1, N :
∂QT (θ)
∂Ap
∣∣∣∣∣
θ=θT
=
∂QT (θ)
∂Bp
∣∣∣∣∣
θ=θT
= 0, p = 1, N,
ßêó ìîæíà ïåðåïèñàòè ó âèãëßäi{∑N
k=1 a
(1)
kpAkT +
∑N
k=1 b
(1)
kpBkT = c
(1)
p , p = 1, N ;∑N
k=1 a
(2)
kpAkT +
∑N
k=1 b
(2)
kpBkT = c
(2)
p , p = 1, N.
(1.26)
Ïîçíà÷èìî
cos(λkT t1 + µkT t2) = cosk, sin(λkT t1 + µkT t2) = sink,
cos(λ0kt1 + µ
0
k) = cos
0
k, sin(λ
0
kt1 + µ
0
k) = sin
0
k, k = 1, N. (1.27)
Òîäi êîåôiöi¹íòè ñèñòåìè (1.26) ìîæíà çàïèñàòè ó âèãëßäi
a
(1)
kp = T
−2
∫ T
0
∫ T
0
cosk cosp dt1dt2, a
(2)
kp = T
−2
∫ T
0
∫ T
0
cosk sinp dt1dt2,
b
(1)
kp = T
−2
∫ T
0
∫ T
0
sink cosp dt1dt2, b
(2)
kp = T
−2
∫ T
0
∫ T
0
sink sinp dt1dt2,
c(1)p = T
−2
∫ T
0
∫ T
0
X(t1, t2) cosp dt1dt2, c
(2)
kp = T
−2
∫ T
0
∫ T
0
X(t1, t2) sinp dt1dt2.
Ïîçíà÷èìî òàêîæ o(1), óçàãàëi êàæó÷è, ðiçíi âèïàäêîâi ïðîöåñè, ùî çàëåæàòü
âiä ïàðàìåòðà T òà ïðßìóþòü äî íóëß ì. í. ïðè T →∞.
Áåðó÷è äî óâàãè âëàñòèâîñòi (1.10), (1.11) ïàðàìåòðè÷íèõ ìíîæèí
ΛT , MT , ó çàìèêàííßõ ßêèõ íàáóâàþòü çíà÷åííß îöiíêè λT , µT , åëåìåíòàð-
íèìè îá÷èñëåííßìè çíàõîäèìî
a
(1)
kp = o(1), k 6= p, a(1)pp =
1
2
+ o(1), a
(2)
kp = o(1), k, p = 1, N ; (1.28)
b
(1)
kp = a
(2)
pk = o(1), b
(2)
kp = o(1), k 6= p, b(2)kp =
1
2
+ o(1), k, p = 1, N. (1.29)
Äëß ïîäàëüøèõ îá÷èñëåíü ïîçíà÷èìî
xλp =
sinT (λpT − λ0p)
T (λpT − λ0p)
, xµp =
sinT (µpT − µ0p)
T (µpT − µ0p)
, p = 1, N ;
yλp =
1− cosT (λpT − λ0p)
T (λpT − λ0p)
, yµp =
1− cosT (µpT − µ0p)
T (µpT − µ0p)
, p = 1, N.
(1.30)
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Çàïèøåìî
c(1)p = T
−2
∫ T
0
∫ T
0
ε(t1, t2) cosp dt1dt2 + T
−2
∫ T
0
∫ T
0
g(t1, t2; θ
0) cosp dt1dt2 =
=
1
2
[
A0p(xλpxµp − yλpyµp)−B0p(xµpyλp + xλpyµp)
]
+ o(1) (1.31)
çà ëåìàìè 1 i 2 òà ñòàíäàðòíèìè îá÷èñëåííßìè. Àíàëîãi÷íî
c(2)p =
1
2
[
A0p(xµpyλp + xλpyµp) +B
0
p(xλpxµp − yλpyµp)
]
+ o(1). (1.32)
Îñêiëüêè |xλp|, |xµp|, |yλp|, |yµp| ≤ 1, p = 1, N , òî çàâäßêè ñïiââiäíîøåííßì
(1.28), (1.29), (1.31), (1.32), ðîçâ'ßçîê ñèñòåìè (1.26) ìîæíà çàïèñàòè ó âèãëßäi
ApT = A
0
p(xλpxµp − yλpyµp)−B0p(xµpyλp + xλpyµp) + o(1),
BpT = A
0
p(xµpyλp + xλpyµp) +B
0
p(xλpxµp − yλpyµp) + o(1), p = 1, N. (1.33)
Ó ñâîþ ÷åðãó, iç (1.33) âèïëèâàþòü íåðiâíîñòi
|ApT |, |BpT | ≤ 2
(|A0p|+ |B0p|)+ o(1), p = 1, N. (1.34)
Ïîçíà÷èìî
GT (θ1; θ2) = T
−2
∫ T
0
∫ T
0
[g(t1, t2; θ1)− g(t1, t2; θ2)]2 dt1dt2.
Çà îçíà÷åííßì ÎÍÊ
0 ≥ QT (θT )−QT (θ0) = GT (θT ; θ0)+
+ 2T−2
∫ T
0
∫ T
0
ε(t1, t2)
(
g(t1, t2; θ
0)− g(t1, t2; θT )
)
dt1dt2. (1.35)
Çà äîâåäåíèìè ëåìàìè òà (1.34) äðóãèé äîäàíîê ïðàâî¨ ÷àñòèíè ðiâíîñòi (1.35)
¹ âåëè÷èíîþ o(1). Öå îçíà÷à¹, ùî
GT (θT ; θ
0)→ 0 ì. í., T →∞. (1.36)
Çàïèøåìî âèðàç äëß GT (θT ; θ
0) òàêèì ÷èíîì, ùîá iç (1.36) âèïëèâàëà êîí-
ñèñòåíòíiñòü ÎÍÊ ïàðàìåòðiâ λ0k, µ
0
k, k = 1, N . Ìà¹ìî
GT (θT ; θ
0) = T−2
∫ T
0
∫ T
0
g2(t1, t2; θT )dt1dt2 + T
−2
∫ T
0
∫ T
0
g2(t1, t2; θ
0)dt1dt2−
−2T−2
∫ T
0
∫ T
0
g(t1, t2; θT )g(t1, t2; θ
0)dt1dt2 = J1 + J2 + J3.
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Iç âèêîðèñòàííßì (1.34) òà ñïiââiäíîøåíü (1.28), (1.29) îòðèìó¹ìî
J1 =
1
2
N∑
k=1
(
A2kT +B
2
kT
)
+ o(1), (1.37)
J2 =
1
2
N∑
k=1
(
(A0k)
2 + (B0k)
2
)
+ o(1), (1.38)
J3 = −2
N∑
p=1
N∑
k=1
T−2
∫ T
0
∫ T
0
(
ApTA
0
k cosp cos
0
k +ApTB
0
k cosp sin
0
k
)
dt1dt2−
−2
N∑
p=1
N∑
k=1
T−2
∫ T
0
∫ T
0
(
BpTA
0
k sinp cos
0
k +BpTB
0
k sinp sin
0
k
)
dt1dt2 =
=
N∑
p=1
(
ApTA
0
p(xλpxµp − yλpyµp)− ApTB0p(xµpyλp + xλpyµp)
)−
−
N∑
p=1
(
BpTA
0
p(xµpyλp + xλpyµp) +BpTB
0
p(xλpxµp − yλpyµp)
)
+ o(1). (1.39)
Ïîçíà÷èìî z1p = xλpxµp−yλpyµp, z2p = xµpyλp+xλpyµp, p = 1, N , i ïiäñòàâèìî
ó (1.37) òà (1.39) âèðàçè (1.33). Òîäi
GT (θT ; θ
0) =
1
2
N∑
p=1
[
(A0pz1p −B0pz2p)2 + (A0pz2p +B0pz1p)2 + (A0p)2 + (B0p)2
]−
−
N∑
p=1
[
(A0p)
2z21p − 2A0pB0pz1pz2p + (B0p)2z22p
]−
−
N∑
p=1
[
(A0p)
2z22p + 2A
0
pB
0
pz1pz2p + (B
0
p)
2z21p
]
+ o(1) =
=
1
2
N∑
p=1
(
(A0p)
2 + (B0p)
2
) (
1− z21p − z22p
)
+ o(1) =
=
1
2
N∑
p=1
(
(A0p)
2 + (B0p)
2
) (
1− (x2λp + y2λp)(x2µp + y2µp)
)
+ o(1) =
=
1
2
N∑
p=1
(
(A0p)
2 + (B0p)
2
)1−(sin 12T (λpT − λ0p)1
2T (λpT − λ0p)
)2(
sin 12T (µpT − µ0p)
1
2T (µpT − µ0p)
)2+
+o(1). (1.40)
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Ðiâíiñòü (1.40) ðàçîì iç (1.36) äîâîäßòü, ùî T (λpT −λ0p)→ 0, T (µpT −µ0p)→ 0
ì. í., T →∞, p = 1, N . Òåïåð iç (1.30) âèïëèâà¹, ùî xλp, xµp → 1, yλp, yµp →
0 ì. í., T →∞, p = 1, N , à ç (1.33) îòðèìó¹ìî ApT → A0p, BpT → B0p . Òåîðåìó
äîâåäåíî. 
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2 Òåîðåìà ðåäóêöi¨
Ðîçãëßíåìî ìîäåëü ðåãðåñi¨
X(t1, t2) = g(t1, t2; θ) + ε(t1, t2), (t1, t2) ∈ [0, T ]2, (2.1)
äå g : [0;∞)2 × Θγ → R2 íåïåðåðâíà ôóíêöiß, Θγ =
⋃
‖a‖<1(Θ + γa), γ > 0
- äåßêå ÷èñëî, Θ ⊂ Rq - âiäêðèòà ìíîæèíà, ùî ìiñòèòü â ñîái ìîíîòîííî
íåñïàäíó ñiì'þ âiäêðèòèõ îïóêëèõ ìíîæèí ΘT ⊂ Θ, T > T0 > 0, iñòèííå
çíà÷åííß ïàðàìåòðà θ ∈ ΘT , T > T0. Ïðèïóñêà¹ìî òàêîæ, ùî âèïàäêîâèé
øóì ε(t1, t2) çàäîâîëüíß¹ óìîâàì N.
Ïîçíà÷èìî QT (τ) = T
−2 ∫ T
0
∫ T
0 [X(t1, t2)−g(t1, t2; τ)]2dt1dt2 òà ïðèïóñòèìî,
ùî infτ∈ΘcT QT (τ) äîñßãà¹òüñß â ìíîæèíàõ Θ
c
T , T > T0, äëß êîæíîãî ω ∈ Ω.
Îçíà÷åííß 2 ÎÍÊ íåâiäîìîãî ïàðàìåòðà θ = (θ1, ..., θq) ∈ ΘT , T > T0, ìî-
äåëi ñïîñòåðåæåíü (2.1) íàçèâà¹òüñß áóäü-ßêèé âåêòîð θˆT = (θˆ1, ..., θˆq) ∈
ΘcT , äëß ßêîãî
QT (θˆT ) = inf
τ∈ΘcT
QT (τ).
Çàóâàæèìî, ùî iñíóâàííß õî÷à á îäíîãî òàêîãî âèïàäêîâîãî âåêòîðà âè-
ïëèâà¹ iç Òåîðåìè (3.10), ñòîð. 270, ðîáîòè I. Ïôàíöàãëß [24].
Ïðèïóñòèìî, ùî g(t1, t2; ·) ∈ C2(Θγ) äëß êîæíîãî (t1, t2) ∈ R2+. Ïîçíà÷èìî
gi(t1, t2; τ) =
∂
∂τi
g(t1, t2; τ), gil(t1, t2; τ) =
∂2
∂τi∂τl
g(t1, t2; τ), i, l = 1, q,
d2T (θ) = diag(d
2
iT (θ))
q
i=1,
d2iT (θ) =
∫ T
0
∫ T
0
g2i (t1, t2; θ)dt1dt2, limT→∞T
−2d2iT (θ) > 0, i = 1, q,
d2il,T (θ) =
∫ T
0
∫ T
0
g2il(t1, t2; θ)dt1dt2, θ ∈ ΘcT , i, l = 1, q.
Ðîçãëßíåìî íîðìîâàíó ÎÍÊ
uˆT = uˆT (θ) = dT (θ)
(
θˆT − θ
)
. (2.2)
Çðîáèìî çàìiíó çìiííèõ u = dT (θ)(τ−θ), ßêà âiäïîâiäà¹ íîðìóâàííþ (2.2),
ó ôóíêöi¨ ðåãðåñi¨ òà ¨¨ ïîõiäíèõ, òîáòî
g(t1, t2; τ) = g(t1, t2; θ + d
−1
T (θ)u) = h(t1, t2;u),
gi(t1, t2; τ) = gi(t1, t2; θ + d
−1
T (θ)u) = hi(t1, t2;u),
gil(t1, t2; τ) = gil(t1, t2; θ + d
−1
T (θ)u) = hil(t1, t2;u), i, l = 1, q.
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Ïîçíà÷èìî V (R) =
{
u ∈ Rq : ‖u‖ < R}. Áóêâàìè k ïîçíà÷àòèìåìî
äîäàòíi êîíñòàíòè. Ïðèïóñêà¹ìî, ùî äëß R ≥ 0, âñiõ äîñòàòíüî âåëèêèõ
T (T > T0(R)) òà iñòèííîãî çíà÷åííß ïàðàìåòðà θ âèêîíó¹òüñß óìîâà
R3.
(i) sup
(t1,t2)∈[0,T ]2, u∈V c(R)
|hi(t1, t2;u)|
diT (θ)
≤ ki(R)T−1, i = 1, q; (2.3)
(ii) sup
(t1,t2)∈[0,T ]2, u∈V c(R)
|hil(t1, t2;u)|
dil,T (θ)
≤ kil(R)T−1, i, l = 1, q; (2.4)
(iii)
dil,T (θ)
diT (θ)diT (θ)
≤ k˜ilT−1, i, l = 1, q. (2.5)
Ïîçíà÷èìî òàêîæ
H(t1, t2;u1, u2) = h(t1, t2;u1)− h(t1, t2;u2),
Hi(t1, t2;u1, u2) = hi(t1, t2;u1)− hi(t1, t2;u2), i = 1, q.
Ââåäåìî âåêòîðíîçíà÷íi ôóíêöi¨
ΨT (u) = (Ψ
i
T (u))
q
i=1, Ψ
i
T (u) =
∫ T
0
∫ T
0
ε(t1, t2)
hi(t1, t2;u)
diT (θ)
dt1dt2+
+
∫ T
0
∫ T
0
H(t1, t2; 0, u)
hi(t1, t2;u)
diT (θ)
dt1dt2, i = 1, q, (2.6)
òà
LT (u) = (L
i
T (u))
q
i=1,
LiT (u) =
∫ T
0
∫ T
0
(
ε(t1, t2)−
q∑
l=1
gl(t1, t2; θ)
dlT (θ)
ul
)gi(t1, t2; θ)
diT (θ)
dt1dt2, i = 1, q. (2.7)
Âåêòîð ΨT (u) âèçíà÷åíî äëß u ∈ U cT (θ), UT (θ) = dT (θ)(ΘT − θ).
Çà íàøèìè ïðèïóùåííßìè ìíîæèíà UT (θ) ðîçøèðþ¹òüñß äî Rq ïðè T →
∞. Òîäi äëß áóäü-ßêîãî R > 0 V c(R) ⊂ UT (θ) äëß T > T0(R). Âåêòîð LT (u)
âèçíà÷åíî äëß u ∈ Rq.
Ëåãêî çðîçóìiòè ñòàòèñòè÷íèé çìiñò âåêòîðiâ ΨT (u) òà LT (u).
ÎÍÊ uˆT çàäîâîëüíß¹ ñèñòåìi íîðìàëüíèõ ðiâíßíü
ΨT (u) = 0. (2.8)
Âåêòîð LT (u) âiäïîâiäà¹ âiðòóàëüíié ëiíiéíié ðåãåðñiéíié ìîäåëi ç íåâiäîìèì
ïàðàìåòðîì β = (β1, ...βq)
Z(t1, t2) =
q∑
i=1
gi(t1, t2; θ)βi + ε(t1, t2), (t1, t2) ∈ [0, T ]2, (2.9)
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i ñèñòåìà íîðìàëüíèõ ðiâíßíü
LT (u) = 0 (2.10)
çàäà¹ íîðìîâàíó ÎÍÊ u˜T ïàðàìåòðà β ∈ Rq, ßêùî ìè çàïèøåìî
u˜T = u˜T (θ) = dT (θ)
(
β˜T − β
)
. (2.11)
β˜T - ñòàíäàðòíà ÎÍÊ ïàðàìåòðà β ìîäåëi (2.9).
Òåîðåìà 2 ßêùî âèêîíóþòüñß óìîâè N òà R3, òî äëß äîâiëüíèõ R >
0, r > 0
P
{
sup
u∈V c(R)
‖ΨT (u)− LT (u)‖ > r
}
→ 0, T →∞. (2.12)
Äîâåäåííß. Äëß i = 1, q
ΨiT (u)− LiT (u) =
∫ T
0
∫ T
0
ε(t1, t2)
hi(t1, t2;u)
diT (θ)
dt1dt2 +
∫ T
0
∫ T
0
H(t1, t2; 0, u)×
×hi(t1, t2;u)
diT (θ)
dt1dt2 −
∫ T
0
∫ T
0
ε(t1, t2)
gi(t1, t2; θ)
diT (θ)
dt1dt2 +
∫ T
0
∫ T
0
gi(t1, t2; θ)
diT (θ)
×
×
q∑
l=1
gl(t1, t2; θ)
dlT (θ)
uldt1dt2 =
∫ T
0
∫ T
0
ε(t1, t2)
Hi(t1, t2;u, 0)
diT (θ)
dt1dt2+
+
∫ T
0
∫ T
0
H(t1, t2; 0, u)
Hi(t1, t2;u, 0)
diT (θ)
dt1dt2 +
∫ T
0
∫ T
0
gi(t1, t2; θ)
diT (θ)
×
×
[
H(t1, t2; 0, u) +
q∑
l=1
gl(t1, t2; θ)
dlT (θ)
ul
]
dt1dt2 = I1(u) + I2(u) + I3(u). (2.13)
Íåõàé u ∈ V c(R) ôiêñîâàíî. Ìà¹ìî
E I21(u) = E
(∫ T
0
∫ T
0
ε(t1, t2)
Hi(t1, t2;u, 0)
diT (θ)
dt1dt2
)2
=
=
∫ T
0
∫ T
0
∫ T
0
∫ T
0
Hi(t1, t2;u, 0)
diT (θ)
Hi(v1, v2;u, 0)
diT (θ)
E ε(t1, t2)ε(v1, v2)dt1dt2dv1dv2 ≤
≤ sup
(t1,t2)∈[0,T ]2
H2i (t1, t2;u, 0)
d2iT (θ)
∫ T
0
∫ T
0
∫ T
0
∫ T
0
∣∣∣E ε(t1, t2)ε(v1, v2)∣∣∣dt1dt2dv1dv2.
(2.14)
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Âèêîðèñòîâóþ÷è ôîðìóëó Ëàãðàíæà òà óìîâó R3, îòðèìó¹ìî
sup
(t1,t2)∈[0,T ]2
Hi(t1, t2;u, 0)
diT (θ)
≤
[
q∑
l=1
sup
(t1,t2)∈[0,T ]2, u∈V c(R)
|hil(t1, t2;u)|
diT (θ)dlT (θ)
|ul|
]
=
=
[
q∑
l=1
sup
(t1,t2)∈[0,T ]2, u∈V c(R)
|hil(t1, t2;u)|
dil,T (θ)
dil,T (θ)
diT (θ)dlT (θ)
|ul|
]
≤ R
(
q∑
l=1
kil(R)k˜il
)
T−2.
(2.15)
Íåõàé âèêîíàíî óìîâó N(ii). Òîäi
E I21(u) ≤
≤ R2
(
q∑
l=1
kil(R)k˜il
)2
T−4
∫ T
0
∫ T
0
∫ T
0
∫ T
0
∣∣∣E ε(t1, t2)ε(v1, v2)∣∣∣dt1dt2dv1dv2.
Çà óìîâè N |E ε(t1, t2)ε(v1, v2)| = |B(t1 − v1, t1 − v2)|, ìà¹ìî
Γ(T ) = T−4
∫ T
0
∫ T
0
∫ T
0
∫ T
0
|B(t1 − v1, t1 − v2)|dt1dt2dv1dv2 =
= T−2
∫ T
−T
∫ T
−T
(
1− |t1|
T
)(
1− |t2|
T
)
|B(t1, t2)|dt1dt2 = T−2
∫
R2
BT (t1, t2)dt1dt2,
äå
BT (t1, t2) =
{(
1− |t1|T
)(
1− |t2|T
)
|B(t1, t2)|, (t1, t2) ∈ [−T, T ]× [−T, T ];
0, (t1, t2) ∈ R2 r [−T, T ]× [−T, T ].
Î÷åâèäíî, BT (t1, t2) → |B(t1, t2)|, T → ∞, (t1, t2) ∈ R2. Êðiì öüîãî,
BT (t1, t2) ≤ |B(t1, t2)|, T > 0, (t1, t2) ∈ R2. Çà òåîðåìîþ Ëåáåãà ïðî ìàæî-
ðîâàíó çáiæíiñòü Γ(T ) → ∫R2 |B(t1, t2)|dt1dt2 < ∞, T → ∞, òîáòî iíòåãðàë
Γ(T ) = O(T−2) ïðè T →∞.
Íåõàé âèêîíàíî óìîâó N(i). Òîäi ïiñëß çàìiíè çìiííèõ t1 → Tt1, t2 → Tt2
îòðèìó¹ìî
Γ(T ) = T−2
∫ T
−T
∫ T
−T
(
1− |t1|
T
)(
1− |t2|
T
)
B(‖t‖)dt1dt2 =
=
∫ 1
−1
∫ 1
−1
(1− |t1|)(1− |t2|)B(T‖t‖)dt1dt2 ≤ L(T )
T α
∫ 1
−1
∫ 1
−1
dt1dt2
‖t‖α ,∫ 1
−1
∫ 1
−1
dt1dt2
‖t‖α ≤
∫
V (
√
2)
‖t‖−αdt = 2pi
∫ √2
0
ρ1−αdρ =
22−α/2pi
2− α ,
òîáòî Γ(T ) = O(B(T )) ïðè T →∞.
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Òàêèì ÷èíîì, ìà¹ìî, ùî I1(u)
P→ 0 ïðè T →∞ ïîòî÷êîâî äëß u ∈ V c(R).
Ç iíøîãî áîêó,
P
{
sup
‖u1−u2‖≤h
|I1(u1)− I2(u2)| > r
}
≤
≤ r−1 E sup
‖u1−u2‖≤h
∣∣∣∣∣
∫ T
0
∫ T
0
ε(t1, t2)
Hi(t1, t2;u1, u2)
diT (θ)
dt1dt2
∣∣∣∣∣ ≤
≤ r−1 sup
‖u1−u2‖≤h
sup
(t1,t2)∈[0,T ]2
|Hi(t1, t2;u1, u2)|
diT (θ)
E |ε(0, 0)|T 2, (2.16)
Çà óìîâè R3 îòðèìó¹ìî
sup
‖u1−u2‖≤h
sup
(t1,t2)∈[0,T ]2
|Hi(t1, t2;u1, u2)|
diT (θ)
≤
≤ h
[
q∑
l=1
sup
(t1,t2)∈[0,T ]2, u∈V c(R)
|hil(t1, t2;u)|
dil,T (θ)
dil,T (θ)
diT (θ)dlT (θ)
]
≤ h
(
q∑
l=1
kil(R)k˜il
)
T−2.
(2.17)
Ç (2.17) âèïëèâà¹ íåðiâíiñòü
P
{
sup
‖u1−u2‖≤h
|I1(u1)− I2(u2)| > r
}
≤ k1r−1h, (2.18)
äå
k1 =
(
q∑
l=1
kil(R)k˜il
)
E |ε(0, 0)|.
Íåõàé Nh ñêií÷åííà h-ñiòêà êóëi V
c(R). Òîäi
sup
u∈V c(R)
|I1(u)| ≤ sup
‖u1−u2‖≤h
|I1(u1)− I1(u2)|+ max
u∈Nh
|I1(u)|. (2.19)
Ç (2.16), (2.17) ìà¹ìî äëß áóäü-ßêîãî r > 0
P
{
sup
u∈V c(R)
|I1(u)| > r
}
≤ 2k1r−1h+ P
{
max
u∈Nh
|I1(u)| > r
2
}
. (2.20)
Äëß ε > 0 çàäàìî h = εr4k1 . Òîäi äëß T > T0 çàâäßêè ïîòî÷êîâié çáiæíîñòi
I1(u) äî íóëß çà éìîâiðíiñòþ,
P
{
max
u∈N εr
4k1
|I1(u)| > r
2
}
≤ ε
2
,
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âíàñëiäîê ÷îãî
P
{
sup
u∈V c(R)
|I1(u)| > r
}
≤ ε.
Òàêèì ÷èíîì, I1(u) çáiãà¹òüñß ðiâíîìiðíî çà u ∈ V c(R) äî íóëß çà éìîâið-
íiñòþ.
Çà òåîðåìîþ Ëàãðàíæà, íåðiâíiñòþ Êîøi-Áóíßêîâñüêîãî òà óìîâè R3,
sup
u∈V c(R)
sup
(t1,t2)∈[0,T ]2
|H(t1, t2; 0, u)| = sup
u∈V c(R)
sup
(t1,t2)∈[0,T ]2
∣∣∣∣∣
q∑
i=1
hi(t1, t2;u
∗
t1,t2
)
diT (θ)
ui
∣∣∣∣∣ ≤
≤ ‖u‖
[
sup
(t1,t2)∈[0,T ]2, u∈V c(R)
q∑
i=1
(hi(t1, t2;u)
diT (θ)
)2]1/2
≤ ‖k(R)‖RT−1, (2.21)
äå k(R) = (k1(R), ..., kq(R)). Òîäi, çàâäßêè (2.15) òà (2.21), çàïèøåìî
sup
u∈V c(R)
|I2(u)| = sup
u∈V c(R)
∣∣∣∣∣
∫ T
0
∫ T
0
H(t1, t2; 0, u)
Hi(t1, t2;u, o)
diT (θ)
dt1dt2
∣∣∣∣∣ ≤ T 2×
× sup
u∈V c(R)
sup
(t1,t2)∈[0,T ]2
∣∣∣∣H(t1, t2; 0, u)Hi(t1, t2;u, o)diT (θ)
∣∣∣∣ ≤ T−1R2‖k(R)‖( q∑
l=1
kil(R)k˜il
)
,
i I2(u) ðiâíîìiðíî çà u ∈ V c(R) ïðè T →∞ çáiãà¹òüñß äî 0.
Íåâàæêî ïîáà÷èòè, ùî I3(u) ìîæíà çàïèñàòè ó âèãëßäi
I3(u) =
∫ T
0
∫ T
0
gi(t1, t2; θ)
diT (θ)
[
H(t1, t2; 0, u) +
q∑
l=1
gl(t1, t2; θ)
dlT (θ)
ul
]
dt1dt2 =
= −1
2
∫ T
0
∫ T
0
gi(t1, t2; θ)
diT (θ)
q∑
l,j=1
hlj(t1, t2;u
∗
t1,t2
)
dlT (θ)djTθ
ulujdt1dt2 =
= −1
2
q∑
l,j=1
(∫ T
0
∫ T
0
hlj(t1, t2;u
∗
t1,t2
)
dlT (θ)djTθ
gi(t1, t2; θ)
diT (θ)
dt1dt2
)
uluj, u
∗
t ∈ V (R).
Òîäi, çà óìîâè R3,
sup
u∈V c(R)
|I3(u)| ≤ T
2
2
ki(R)
(
q∑
l,j=1
kjl(R)k˜jl|ul||uj|
)
T−3 ≤
≤ qki(R)
2
max
1≤j,l≤q
[
kjl(R)k˜jl
]
R2T−1.
Îòæå, I3(u) ðiâíîìiðíî çà u ∈ V c(R) ïðè T →∞ çáiãà¹òüñß äî 0. 
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Ïåðåâiðèìî, ùî óìîâà R3 âèêîíó¹òüñß äëß ðîçãëßäóâàíî¨ íàìè ôóíêöi¨
ðåãðåñi¨ (1.2), (1.3). Î÷åâèäíî, ïðè k = 1, N
g4k−3(t; θ0) =
∂
∂A0k
g(t; θ0) = cos(λ0kt1 + µ
0
kt2),
g4k−2(t; θ0) =
∂
∂B0k
g(t; θ0) = sin(λ0kt1 + µ
0
kt2),
g4k−1(t; θ0) =
∂
∂λ0k
g(t; θ0) = −t1A0k sin(λ0kt1 + µ0kt2) + t1B0k cos(λ0kt1 + µ0kt2),
g4k(t; θ
0) =
∂
∂µ0k
g(t; θ0) = −t2A0k sin(λ0kt1 + µ0kt2) + t2B0k cos(λ0kt1 + µ0kt2),
g4k−3,4k−1(t; θ0) = g4k−1,4k−3(t; θ0) =
∂2
∂A0k∂λ
0
k
g(t; θ0) = −t1 sin(λ0kt1 + µ0kt2),
g4k−3,4k(t; θ0) = g4k,4k−3(t; θ0) =
∂2
∂A0k∂µ
0
k
g(t; θ0) = −t2 sin(λ0kt1 + µ0kt2),
g4k−2,4k−1(t; θ0) = g4k−1,4k−2(t; θ0) =
∂2
∂B0k∂λ
0
k
g(t; θ0) = t1 cos(λ
0
kt1 + µ
0
kt2),
g4k−2,4k(t; θ0) = g4k,4k−2(t; θ0) =
∂2
∂B0k∂µ
0
k
g(t; θ0) = t2 cos(λ
0
kt1 + µ
0
kt2),
g4k−1,4k−1(t; θ0) =
∂2
(∂λ0k)
2
g(t; θ0) = −t21A0k cos(λ0kt1 + µ0kt2)− t21B0k sin(λ0kt1 + µ0kt2),
g4k,4k(t; θ
0) =
∂2
(∂µ0k)
2
g(t; θ0) = −t22A0k cos(λ0kt1 + µ0kt2)− t22B0k sin(λ0kt1 + µ0kt2),
g4k−1,4k(t; θ0) = g4k,4k−1(t; θ0) =
∂2
∂λ0k∂µ
0
k
g(t; θ0) =
= −t1t2A0k cos(λ0kt1 + µ0kt2)− t1t2B0k sin(λ0kt1 + µ0kt2),
g4k−3,4k−2(t; θ0) = g4k−2,4k−3(t; θ0) = g4k−3,4k−3(t; θ0) = g4k−2,4k−2(t; θ0) = 0.
Ìà¹ìî äàëi
d24k−i,T (θ
0) =
T 2
2
+O(1), i = 2, 3;
d24k−i,T (θ
0) =
(A2k +B
2
k)T
4
6
+O(T 2), i = 0, 1; (2.22)
d24k−i,4k−1,T (θ
0) =
T 4
6
+O(T 2), i = 2, 3;
d24k−i,4k,T (θ
0) =
T 4
6
+O(T 2), i = 2, 3;
d24k−1,4k−1,T (θ
0) =
((A2k)
2 + (B0k)
2)T 6
10
+O(T 4);
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d24k−1,4k,T (θ
0) =
((A2k)
2 + (B0k)
2)T 6
18
+O(T 4);
d24k,4k,T (θ
0) =
((A2k)
2 + (B0k)
2)T 6
10
+O(T 4). (2.23)
Âèêîðèñòîâóþ÷è (2.23), (2.24), áà÷èìî, ùî
sup
t∈[0,T ]2, u∈V c(R)
|h4k−3(t;u)|
d4k−3,T (θ0)
=
= sup
t∈[0,T ]2, u∈V c(R)
| cos ((λ0k + d−14k−1,T (θ0)u4k−1)t1 + (µ0k + d−14k,T (θ0)u4k)t2)|√
T 2
2 +O(1)
=
= O(T−1).
Òàê ñàìî
sup
t∈[0,T ]2, u∈V c(R)
|h4k−i(t;u)|
d4k−i,T (θ0)
= O(T−1), i = 0, 1, 2,
òîáòî R3(i) âèêîíàíî.
Àíàëîãi÷íî
sup
t∈[0,T ]2, u∈V c(R)
|h4k−3,4k−1(t;u)|
d4k−3,4k−1;T (θ0)
=
= sup
t∈[0,T ]2, u∈V c(R)
| − t1 sin
(
(λ0k + d
−1
4k−1,T (θ
0)u4k−1)t1 + (µ0k + d
−1
4k,T (θ
0)u4k)t2
)|√
T 4
6 +O(T
2)
=
= O(T−1);
sup
t∈[0,T ]2, u∈V c(R)
|h4k−i,4k(t;u)|
d4k−i,4k;T (θ0)
= O(T−1), i = 0, 1, 2, 3;
sup
t∈[0,T ]2, u∈V c(R)
|h4k−i,4k−1(t;u)|
d4k−i,4k−1;T (θ0)
= O(T−1), i = 1, 2,
iR3(ii) òàêîæ âèêîíàíî. Êðiì öüîãî, âèêîíàííßR3(iii) âèïëèâà¹ ç íàñòóïíèõ
ñïiââiäíîøåíü:
d4k−3,4k−1;T (θ0)
d4k−3,T (θ0)d4k−1,T (θ0)
=
√
T 4
6 +O(T
2)√
T 2
2 +O(1)
√
((A0k)
2+(B0k)
2)T 4
6 +O(T
2)
= O(T−1);
d4k−3,4k;T (θ0)
d4k−3,T (θ0)d4k,T (θ0)
=
√
T 4
6 +O(T
2)√
T 2
2 +O(1)
√
((A0k)
2+(B0k)
2)T 4
6 +O(T
2)
= O(T−1);
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d4k−2,4k−1;T (θ0)
d4k−2,T (θ0)d4k−1,T (θ0)
=
√
T 4
6 +O(T
2)√
T 2
2 +O(1)
√
((A0k)
2+(B0k)
2)T 4
6 +O(T
2)
= O(T−1);
d4k−2,4k;T (θ0)
d4k−2,T (θ0)d4k,T (θ0)
=
√
T 4
6 +O(T
2)√
T 2
2 +O(1)
√
((A0k)
2+(B0k)
2)T 4
6 +O(T
2)
= O(T−1);
d4k−3,4k−1;T (θ0)
d4k−3,T (θ0)d4k−1,T (θ0)
=
√
T 4
6 +O(T
2)√
T 2
2 +O(1)
√
((A0k)
2+(B0k)
2)T 4
6 +O(T
2)
= O(T−1);
d4k−1,4k−1;T (θ0)
d4k−1,T (θ0)d4k−1,T (θ0)
=
√
((A0k)
2+(B0k)
2)T 6
10 +O(T
4)
((A0k)
2+(B0k)
2)T 4
6 +O(T
2)
= O(T−1);
d4k,4k;T (θ
0)
d4k,T (θ0)d4k,T (θ0)
=
√
((A0k)
2+(B0k)
2)T 6
10 +O(T
4)
((A0k)
2+(B0k)
2)T 4
6 +O(T
2)
= O(T−1);
d4k−1,4k;T (θ0)
d4k−1,T (θ0)d4k,T (θ0)
=
√
((A0k)
2+(B0k)
2)T 6
18 +O(T
4)
((A0k)
2+(B0k)
2)T 4
6 +O(T
2)
= O(T−1).
Òàêèì ÷èíîì, äëß òðèãîíîìåòðè÷íî¨ ìîäåëi ðåãðåñi¨ (1.1)-(1.3) óìîâó R3
âèêîíàíî.
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3 Àñèìïòîòè÷íà ¹äèíiñòü îöiíêè íàéìåíøèõ
êâàäðàòiâ
Ïîçíà÷èìî
JT (θ) = (Jil,T (θ))
q
i,l=1, Jil,T (θ) = d
−1
iT (θ)d
−1
lT (θ)
∫ T
0
∫ T
0
gi(t1, t2; θ)gl(t1, t2; θ)dt1dt2,
(3.1)
λmin(A) (λmax(A))  íàéìåíøå (íàéáiëüøå) âëàñíå ÷èñëî äîäàòíî âèçíà-
÷åíî¨ ìàòðèöi A.
R4. Äëß äåßêîãî λ∗ > 0 ïðè T > T0
λmin(JT (θ)) ≥ λ∗. (3.2)
Ðîçãëßíåìî íîðìîâàíó ÎÍÊ
wˆT = wˆT (θ) = T
−1dT (θ)(θˆT − θ), (3.3)
ßêié âiäïîâiäà¹ çàìiíà çìiííèõ w = T−1dT (θ)(τ − θ) ó ôóíêöi¨ ðåãðåñi¨ òà ¨¨
ïîõiäíèõ.
Ââåäåìî ïîçíà÷åííß
g(t1, t1; τ) = g
(
t1, t2; θ + Td
−1
T (θ)w
)
= f(t1, t2;w),
gi(t1, t1; τ) = gi
(
t1, t2; θ + Td
−1
T (θ)w
)
= fi(t1, t2;w), (3.4)
gil(t1, t1; τ) = gil
(
t1, t2; θ + Td
−1
T (θ)w
)
= fil(t1, t2;w), i, l = 1, q.
Òàêîæ çàïèøåìî
F (t1, t2;w1, w2) = f(t1, t2;w1)− f(t1, t2;w2),
Fi(t1, t2;w1, w2) = fi(t1, t2;w1)− fi(t1, t2;w2),
Fil(t1, t2;w1, w2) = fil(t1, t2;w1)− fil(t1, t2;w2), (3.5)
Φil,T (w, 0) =
∫ T
0
∫ T
0
F 2il(t1, t2;w, 0)dt1dt2, i, l = 1, q.
Íàì ïîòðiáíà íàñòóïíà óìîâà
R5. Äëß äåßêîãî r0 > 0 i T > T (r0) > 0
(i) sup
(t1,t2)∈[0,T ]2, w∈V c(r0)
|fi(t1, t2;w)|
diT (θ)
≤ kˆi(r0)T−1, i = 1, q; (3.6)
(ii) sup
(t1,t2)∈[0,T ]2, w∈V c(r0)
|fil(t1, t2;w)|
dil,T (θ)
≤ kˆil(r0)T−1, i, l = 1, q; (3.7)
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(iii) sup
w∈V c(r0)
T 2d−2iT (θ)d
−2
lT (θ)Φil,T (w, 0)‖w‖2 ≤ kˆil(r0), i, l = 1, q. (3.8)
Ðîçãëßíåìî iíòåãðàë
1
2
T−2
∫ T
0
∫ T
0
(
X(t1, t2)− f(t1, t2;w)
)2
dt1dt2 =
1
2
QT
(
θ + Td−1T (θ)w
)
(3.9)
i éîãî ãðàäi¹íò
MT (w) =
(MiT (w))qi=1 = ( ∂∂wi
(1
2
QT (θ + Td
−1
T (θ)w)
))q
i=1
=
=
(
T−1
∫ T
0
∫ T
0
(
X(t1, t2)− f(t1, t2;w)
)−fi(t1, t2;w)
diT (θ)
dt1dt2
)q
i=1
.
Òîäi íîðìîâàíà ÎÍÊ wˆT çàäîâîëüíß¹ ñèñòåìó ðiâíßíü
MT (w) = 0. (3.10)
Íàñòóïíà óìîâà ¹ óìîâîþ ñëàáêî¨ êîíñèñòåíòíîñòi íîðìîâàíî¨ îöiíêè wˆT .
C. Äëß áóäü-ßêîãî r > 0 P
{‖wˆT‖ > r}→ 0, T →∞.
Òåîðåìà 3 Íåõàé âèêîíóþòüñß óìîâèN, R3(iii), R4, R5, C. Òîäi íîðìîâà-
íà ÎÍÊ wˆT ç éìîâiðíiñòþ, ùî ïðßìó¹ äî 1 ïðè T →∞, ¹ ¹äèíèì ðîçâ'ßçêîì
ñèñòåìè ðiâíßíü (3.10).
Äîâåäåííß. Ðîçãëßíåìî äîâiëüíèé åëåìåíò ìàòðèöi Ãåññå iíòåãðàëà (3.9)
H(w) = (HilT (w))qi,l=1 :
HilT (w) =
∂2
∂wi∂wl
(1
2
QT (θ + Td
−1
T (θ)w)
)
=
= T−2
∫ T
0
∫ T
0
((
X(t1, t2)− f(t1, t2;w)
)−fil(t1, t2;w)
diT (θ)dlT (θ)
T 2+
+
fi(t1, t2;w)fl(t1, t2;w)
diT (θ)dlT (θ)
T 2
)
dt1dt2 =
∫ T
0
∫ T
0
(
F (t1, t2; 0, w) + ε(t1, t2)
)×
×−fil(t1, t2;w)
diT (θ)dlT (θ)
dt1dt2 +
∫ T
0
∫ T
0
fi(t1, t2;w)fl(t1, t2;w)
diT (θ)dlT (θ)
dt1dt2 =
=
∫ T
0
∫ T
0
F (t1, t2;w, 0)
fil(t1, t2;w)
diT (θ)dlT (θ)
dt1dt2 −
∫ T
0
∫ T
0
ε(t1, t2)
fil(t1, t2;w)
diT (θ)dlT (θ)
dt1dt2+
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+∫ T
0
∫ T
0
(fi(t1, t2;w)− fi(t1, t2; 0))(fl(t1, t2;w)− fl(t1, t2; 0))
diT (θ)dlT (θ)
dt1dt2+
+
∫ T
0
∫ T
0
(fi(t1, t2;w)− fi(t1, t2; 0))fl(t1, t2; 0)
diT (θ)dlT (θ)
dt1dt2+
+
∫ T
0
∫ T
0
(fl(t1, t2;w)− fl(t1, t2; 0))fi(t1, t2; 0)
diT (θ)dlT (θ)
dt1dt2+
+
∫ T
0
∫ T
0
fi(t1, t2; 0)fl(t1, t2; 0)
diT (θ)dlT (θ)
dt1dt2 =
= I1(w) + I2(w) + I3(w) + I4(w) + I5(w) + Jil,T (θ), i, l = 1, q. (3.11)
Çàñòîñîâóþ÷è íåðiâíiñòü ( [25], ñ. 103)
|λmin(H(w))− λmin(JT (θ0))| ≤ q max
1≤i,l≤q
∣∣Hil(w)− Jil,T (θ0)∣∣, (3.12)
çíàõîäèìî
max
1≤i,l≤q
∣∣Hil(w)− Jil,T (θ0)∣∣ ≤ 5∑
m=1
max
1≤i,l≤q
|Im(w)|. (3.13)
Çà óìîâàìè òåîðåìè äëß ‖w‖ ≤ r0
|I1(w)| =
∣∣∣∣∣
∫ T
0
∫ T
0
F (t1, t2;w, 0)
fil(t1, t2;w)
diT (θ)dlT (θ)
dt1dt2
∣∣∣∣∣ ≤
≤ T 2 sup
(t1,t2)∈[0,T ]2
∣∣∣∣∣F (t1, t2;w, 0) fil(t1, t2;w)diT (θ)dlT (θ)
∣∣∣∣∣ ≤ T 2kˆil(r0)k˜ilT−2×
× sup
(t1,t2)∈[0,T ]2
|F (t1, t2;w, 0)| ≤ kˆilk˜il sup
(t1,t2)∈[0,T ]2
|f(t1, t2;w)− f(t1, t2; 0)| =
= kˆilk˜il sup
(t1,t2)∈[0,T ]2
∣∣∣T q∑
l=1
fl(t1, t2;w
∗
(t1,t2)
)
dlT (θ)
wl
∣∣∣ ≤ kˆilk˜ilT×
×
(
q∑
l=1
sup
(t1,t2)∈[0,T ]2, w∈V c(r0)
(fl(t1, t2;w)
diT (θ)
)2)1/2
‖w‖ ≤ ‖kˆ(r0)‖ · kˆil · k˜il · ‖w‖,
(3.14)
kˆ(r0) =
(
kˆ1(r0), . . . , kˆq(r0)
)
, ‖w∗t ‖ ≤ ‖w‖, (t1, t2) ∈ [0, T ]2.
Çàïèøåìî
|I2(w)| =
∣∣∣ ∫ T
0
∫ T
0
ε(t1, t2)
fil(t1, t2;w)
diT (θ)dlT (θ)
dt1dt2
∣∣∣ =
=
∣∣∣ ∫ T
0
∫ T
0
ε(t1, t2)
Fil(t1, t2;w, 0)
diT (θ)dlT (θ)
dt1dt2 +
∫ T
0
∫ T
0
ε(t1, t2)
fil(t1, t2; 0)
diT (θ)dlT (θ)
dt1dt2
∣∣∣ ≤
≤ |I6(w)|+ |I7(w)|. (3.15)
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Çà íåðiâíiñòþ R5(iii)
|I6(w)| =
∣∣∣ ∫ T
0
∫ T
0
ε(t1, t2)
Fil(t1, t2;w, 0)
diT (θ)dlT (θ)
dt1dt2
∣∣∣ ≤
≤
(
T−2
∫ T
0
∫ T
0
ε2(t1, t2)dt1dt2
)1/2
·
(
T 2
Φil,T (w, 0)
d2iT (θ)d
2
lT (θ)
)1/2
≤
≤
(
T−2
∫ T
0
∫ T
0
ε2(t1, t2)dt1dt2
)1/2
· (kˆil(r0))1/2 · ‖w‖. (3.16)
Êðiì öüîãî, (
T−2
∫ T
0
∫ T
0
ε2(t1, t2)dt1dt2
)1/2
=
=
(
T−2
∫ T
0
∫ T
0
(ε2(t1, t2)− E ε2(0, 0))dt1dt2 + E ε2(0, 0)
)1/2
=
=
(
ξT + E ε
2(0, 0)
)1/2
,
E ξ2T = T
−4
∫ T
0
∫ T
0
∫ T
0
∫ T
0
(
E ε2(t1, t2)ε
2(s1, s2)− (E ε2(0, 0))2
)
dt1dt2ds1ds2.
Ïîêàæåìî, ùî
E ξ2T → 0, T →∞. (3.17)
Çà óìîâè N òà ôîðìóëè Iñåðëiñà
E ε2(t1, t2)ε
2(s1, s2)− (E ε2(0, 0))2 = 2B2(t1 − s1, t2 − s2).
Íåõàé âèêîíàíî óìîâó N(ii). Çà òåîðåìîþ Ëåáåãà ïðî ìàæîðîâàíó çái-
æíiñòü
T−2
∫ T
0
∫ T
0
∫ T
0
∫ T
0
B2(t1 − s1, t2 − s2)dt1dt2ds1ds2 =
=
∫ T
−T
∫ T
−T
(
1− |t1|
T
)(
1− |t2|
T
)
B2(t1, t2)dt1dt2 →
→
∫
R2
B2(t1, t2)dt1dt2, T →∞,
òîáòî (3.17) ìà¹ ìiñöå.
Íåõàé âèêîíàíî óìîâó N(i). Òîäi òàê ñàìî, ßê i â äîâåäåííi òåîðåìè 2, ìè
îòðèìó¹ìî
T−2
∫ T
−T
∫ T
−T
(
1− |t1|
T
)(
1− |t2|
T
)
B2(‖t‖)dt1dt2 = O(B2(T )), T →∞,
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i (3.17) âèêîíó¹òüñß.
Ïîçíà÷èìî ξT = o
(1)
p (1)
P→ 0, T →∞.
ßêùî âèêîíàíî óìîâó N(ii) ç âèêîðèñòàííßì óìîâè R5 îòðèìó¹ìî
E |I7(w)|2 = E
∣∣∣ ∫ T
0
∫ T
0
ε(t1, t2)
fil(t1, t2; 0)
diT (θ)dlT (θ)
dt1dt2
∣∣∣2 ≤
≤
∫ T
0
∫ T
0
∫ T
0
∫ T
0
|E ε(t1, t2)ε(s1, s2)|dt1dt2ds1ds2
(
sup
(t1,t2)∈[0,T ]2
fil(t1, t2; 0)
diT (θ)dlT (θ)
)2
≤
≤ (kˆil(r0) · k˜il)2T−4
∫ T
0
∫ T
0
∫ T
0
∫ T
0
|B(t1 − s1, t2 − s2)|dt1dt2ds1ds2 ≤
≤ T−2
∫
R2
|B(t1, t2)|dt1dt2 → 0, T →∞.
Çà óìîâè N(i) öå ìàòåìàòè÷íå ñïîäiâàííß, ßê áóëî ïîêàçàíî â äîâåäåííi òå-
îðåìè 2, ¹ âåëè÷èíîþ O(B(T )). Òàêèì ÷èíîì,
|I7(w)| = o(2)p (1) P→ 0, T →∞. (3.18)
Ìà¹ìî äàëi
|I3(w)| =
∣∣∣ ∫ T
0
∫ T
0
(fi(t1, t2;w)− fi(t1, t2; 0))(fl(t1, t2;w)− fl(t1, t2; 0))
diT (θ)dlT (θ)
dt1dt2
∣∣∣ ≤
≤ T 4
q∑
j=1
q∑
s=1
sup
(t1,t2)∈[0,T ]2
|fij(t1, t2;w∗1(t1,t2))|
diT (θ)djT (θ)
sup
(t1,t2)∈[0,T ]2
|fls(t1, t2;w∗2(t1,t2))|
dsT (θ)dlT (θ)
dt1dt2×
×|wj| · |ws| ≤ T 4
q∑
j=1
q∑
s=1
sup
(t1,t2)∈[0,T ]2
|fij(t1, t2;w∗1(t1,t2))|
dij,T (θ)
· dij,T (θ)
diT (θ)djT (θ)
×
× sup
(t1,t2)∈[0,T ]2
|fls(t1, t2;w∗2(t1,t2))|
dls,T (θ)
· dls,T (θ)
dsT (θ)dlT (θ)
dt1dt2 · |wj| · |ws| ≤
≤
(
q∑
s=1
(
kˆls(r0) · k˜ls
)2)1/2( q∑
j=1
(
kˆij(r0) · k˜ij
)2)1/2‖w‖2, (3.19)
‖w∗1(t1,t2)‖, ‖w∗2(t1,t2)‖ ≤ ‖w‖, (t1, t2) ∈ [0, T ]2.
Çà óìîâ òåîðåìè R3 òà R5 îòðèìó¹ìî òàêîæ, ùî
|I4(w)| =
∣∣∣ ∫ T
0
∫ T
0
(fi(t1, t2;w)− fi(t1, t2; 0))fl(t1, t2; 0)
diT (θ)dlT (θ)
dt1dt2
∣∣∣ ≤
≤ T 3
q∑
j=1
|wj| · sup
(t1,t2)∈[0,T ]2
|fij(t1, t2;w∗(t1,t2))|
dij,T (θ)
· dij,T (θ)
diT (θ)djT (θ)
fl(t1, t2; 0)
dlT (θ)
≤
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≤ kˆl(r0) ·
(
q∑
j=1
(kˆij(r0) · k˜ij)2
)1/2
· ‖w‖, (3.20)
|I5(w)| ≤ kˆi(r0) ·
(
q∑
j=1
(kˆlj(r0) · k˜lj)2
)1/2
· ‖w‖. (3.21)
Ôiíàëüíèé åòàï äîâåäåííß òåîðåìè 3 ñïiâïàäà¹ ç ìiðêóâàííßìè â [10, 11],
i ìè ¨õ íàâîäèìî òiëüêè äëß ïîâíîòè âèêëàäåííß ìàòåðiàëó.
Îòæå, âðàõîâóþ÷è îòðèìàíi íåðiâíîñòi (3.12)(3.21), ìà¹ìî
|λmin(HT (w))− λmin(JT (θ0))| ≤
≤ q max
1≤i,l≤q
(
‖kˆ(r0)‖ · kˆil · k˜il · ‖w‖+
(
o(1)p (1) + E ξ
2(0, 0)
)1/2
(kˆ
1/2
il ) · ‖w‖+
+o(2)p (1) +
( q∑
s=1
(
kˆls(r0) · k˜ls
)2)1/2( q∑
j=1
(
kˆil(r0) · k˜ij
)2)1/2‖w‖2+
+kˆl(r0)
( q∑
j=1
(
kˆij(r0) · k˜ij
)2)1/2 · ‖w‖+ kˆi(r0) · ( q∑
j=1
(
kˆlj(r0) · k˜lj
)2)1/2 · ‖w‖).
(3.22)
Ïiäñòàâëßþ÷è â (3.22) íîðìîâàíó ÎÍÊ wˆT , òà âðàõîâóþ÷è, ùî çà óìî-
âè R4 JT (θ
0)  äîäàòíî âèçíà÷åíà ìàòðèöß ç ìiíiìàëüíèì âëàñíèì ÷èñëîì
λmin(JT (θ
0)) ≥ λ∗, äëß äåßêîãî r > 0 ðîçãëßíåìî ïîäiþ
Ω1 ∩ Ω2 ∩ Ω3 =
{∣∣∣o(1)p (1)∣∣∣ ≤ r, ∣∣∣o(2)p (1)∣∣∣ ≤ r, ‖wˆT‖ ≤ r} ⊂
⊂
{
|λmin(HT (wˆT ))− λmin(JT (θ0))| ≤ λ∗
2
}
=
=
{
λmin(JT (θ
0))− λ∗
2
≤ λmin(HT (wˆT )) ≤ λmin(JT (θ0)) + λ∗
2
}
⊂
⊂
{
λmin(HT (wˆT )) ≥ λmin(JT (θ0))− λ∗
2
}
⊂
{
λmin(HT (wˆT )) ≥ λ∗
2
}
.
Äàëi, îòðèìó¹ìî
P{Ω1 ∩ Ω2 ∩ Ω3} ≤ P{Ω1}+ P{Ω2}+ P{Ω3} =
= P
{∣∣o(1)p (1)∣∣ > r}+ P{∣∣o(2)p (1)∣∣ > r}+ P{‖wˆT‖ > r}.
Äëß äîâiëüíîãî ε > 0 äëß T > T0
P
{∣∣o(1)p (1)∣∣ > r} ≤ ε3 , òà P{∣∣o(2)p (1)∣∣ > r} ≤ ε3 .
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Òîäi, ßêùî äëß T > T0 P{‖wˆT‖ > r} ≤ ε3 çà óìîâè C, òî
P
{∣∣o(1)p (1)∣∣ > r}+ P{∣∣o(2)p (1)∣∣ > r}+ P{‖wˆT‖ > r} ≤ ε,
à, îòæå, äëß T > T0
P{Ω1 ∩ Ω2 ∩ Ω3} > 1− ε.
Öå îçíà÷à¹, ùî íîðìîâàíà ÎÍÊ wˆT ç éìîâiðíiñòþ, ùî ïðßìó¹ äî 1 ïðè T →
∞, ¹ ¹äèíèì ðîçâ'ßçêîì ñèñòåìè ðiâíßíü (3.10), îñêiëüêè ìàòðèöß HT (wˆT ) ¹
äîäàòíî âèçíà÷åíîþ, i ôóíêöiîíàë (3.9) ìà¹ ¹äèíèì åêñòðåìóì (ìiíiìóì) â
òî÷öi wˆT . 
Çàóâàæåííß. Îñêiëüêè −T−1Φ(uˆT ) = MT (wˆT ) = 0, äå wˆT = T−1uˆT , uˆT =
dT (θ)(θˆT − θ), òî iç ¹äèíîñòi îöiíêè wˆT â êóëi V (r) ç âåëèêîþ éìîâiðíiñòþ
ïðè T > T0 äëß äåßêîãî r > 0 âèïëèâà¹ ¹äèíiñòü îöiíêè uˆT ç òàêîþ æ
éìîâiðíiñòþ äëß T > T0 â êóëi V (Tr).
Ïåðåâiðèìî âèêîíàííß óìîâè R5 äëß ðîçãëßäóâàíî¨ íàìè ôóíêöi¨ ðåãðåñi¨
(1.2), (1.3).
Äëß âèïàäêiâ, êîëè i = l = 4k−3, i = l = 4k−2, àáî i = 4k−3, l = 4k−2,
àáî i = 4k−2, l = 4k−3, gil(t−1, t2; θ) = 0, äå k = 1, N , i âèêîíàííß R5(iii)
¹ î÷åâèäíèì.
Äëß âèïàäêiâ, êîëè i = 4k − 3, l = 4k − 1 òà i = 4k − 1, l = 4k − 3,
k = 1, N , âèêîðèñòîâóþ÷è ïîïåðåäíi îá÷èñëåííß i áåðó÷è äî óâàãè, ùî w =
(w1, w2, w3, w4, . . . , w4N−3, w4N−2, w4N−1, w4N), ìà¹ìî:
T 2Φil,T (w, 0)
d2iT (θ)d
2
lT (θ)
=
T 2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
(
fil(t1, t2;w)− fil(t1, t2; 0)
)2
dt1dt2 =
=
T 2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
(
− t1sin
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1,T )t1+
+(µ0k + Td
−1
4k,T (θ)w4k,T )t2
)
+ t1sin(λ
0
kt1 + µ
0
kt2)
)2
dt1dt2 ≤
≤ 4T
2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
t21sin
2 1
2
(
Td−14k−1w4k−1t1 + Td
−1
4k w4kt2
)
dt1dt2 ≤
≤ 4T
2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
t21
(1
2
(
Td−14k−1w4k−1t1 + Td
−1
4k w4kt2
))2
dt1dt2 ≤ kil‖w‖2.
Àíàëîãi÷íî, äëß âèïàäêiâ, êîëè i = 4k − 3, l = 4k òà i = 4k, l = 4k − 3,
k = 1, N ,
T 2Φil,T (w, 0)
d2iT (θ)d
2
lT (θ)
=
T 2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
(
fil(t1, t2;w)− fil(t1, t2; 0)
)2
dt1dt2 =
37
=
T 2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
(
− t2sin
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1,T )t1+
+(µ0k + Td
−1
4k,T (θ)w4k,T )t2
)
+ t2sin(λ
0
kt1 + µ
0
kt2)
)2
dt1dt2 ≤
≤ 4T
2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
t22sin
2 1
2
(
Td−14k−1w4k−1t1 + Td
−1
4k w4kt2
)
dt1dt2 ≤
≤ 4T
2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
t22
(1
2
(
Td−14k−1w4k−1t1 + Td
−1
4k w4kt2
))2
dt1dt2 ≤ kil‖w‖2.
Àíàëîãi÷íî, äëß âèïàäêiâ, êîëè i = 4k − 2, l = 4k − 1 òà i = 4k − 1, l =
4k − 2, k = 1, N ,
T 2Φil,T (w, 0)
d2iT (θ)d
2
lT (θ)
=
T 2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
(
fil(t1, t2;w)− fil(t1, t2; 0)
)2
dt1dt2 =
=
T 2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
(
t1cos
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1,T )t1+
+(µ0k + Td
−1
4k,T (θ)w4k,T )t2
)
− t1cos(λ0kt1 + µ0kt2)
)2
dt1dt2 ≤
≤ 4T
2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
t21sin
2 1
2
(
Td−14k−1w4k−1t1 + Td
−1
4k w4kt2
)
dt1dt2 ≤
≤ 4T
2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
t21
(1
2
(
Td−14k−1w4k−1t1 + Td
−1
4k w4kt2
))2
dt1dt2 ≤ kil‖w‖2.
Àíàëîãi÷íî, äëß âèïàäêiâ, êîëè i = 4k, l = 4k − 2 òà i = 4k − 2, l = 4k,
k = 1, N ,
T 2Φil,T (w, 0)
d2iT (θ)d
2
lT (θ)
=
T 2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
(
fil(t1, t2;w)− fil(t1, t2; 0)
)2
dt1dt2 =
=
T 2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
(
t2cos
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1,T )t1+
+(µ0k + Td
−1
4k,T (θ)w4k,T )t2
)
− t2cos(λ0kt1 + µ0kt2)
)2
dt1dt2 ≤
≤ 4T
2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
t22sin
2 1
2
(
Td−14k−1w4k−1t1 + Td
−1
4k w4kt2
)
dt1dt2 ≤
≤ 4T
2
d2iT (θ)d
2
lT (θ)
∫ T
0
∫ T
0
t22
(1
2
(
Td−14k−1w4k−1t1 + Td
−1
4k w4kt2
))2
dt1dt2 ≤ kil‖w‖2.
Äëß âèïàäêó, êîëè i = 4k − 1, l = 4k − 1, k = 1, N ,
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T 2Φ4k−1,4k−1,T (w, 0)
d44k−1,T (θ)
=
T 2
d44k−1,T (θ)
∫ T
0
∫ T
0
t41
(
A0kcos
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1+
+(µ0k + Td
−1
4k,T (θ)w4k)t2
)− A0kcos(λ0kt1 + µ0kt2)+
+B0ksin
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1 + (µ
0
k + Td
−1
4k,T (θ)w4k)t2
)
−
−B0ksin(λ0kt1 + µ0kt2)+
+Td−14k−3,T (θ)w4k−3 · cos
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1 + (µ
0
k + Td
−1
4k,T (θ)w4k)t2
)
+
+Td−14k−2,T (θ)w4k−2 · sin
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1 + (µ
0
k + Td
−1
4k,T (θ)w4k)t2
))2
×
×dt1dt2 ≤
≤ T
2
d44k−1,T (θ)
∫ T
0
∫ T
0
t41
((|A0k|+ |B0k|) · (Td−14k−1|w4k−1|t1 + Td−14k |w4k|t2)+
+Td−14k−3,T (θ)|w4k−3|+ Td−14k−2,T (θ)|w4k−2|
)2
dt1dt2.
Âèêîðèñòîâóþ÷è íåðiâíîñòi (a+ b+ c)2 ≤ 3(a2 + b2 + c2) i (a+ b)2 ≤ 2(a2 + b2),
çíàõîäèìî
T 2Φ4k−1,4k−1,T (w, 0)
d44k−1,T (θ)
≤ 6(|A0k|+ |B0k|)2( T 128d64k−1,T (θ) |w4k−1|2+
+
T 12
24d24k,T (θ)d
4
4k−1,T (θ)
|w4k|2
)
+
1
2
T 10
d44k−1,T (θ)d
2
4k−3,T (θ)
|w4k−3|2+
+
1
2
T 10
d44k−1,T (θ)d
2
4k−2,T (θ)
|w4k−2|2 ≤ k4k−1,4k−1‖w‖2.
Àíàëîãi÷íî, äëß âèïàäêó, êîëè i = 4k, l = 4k, k = 1, N ,
T 2Φ4k,4k,T (w, 0)
d44k,T (θ)
=
T 2
d44k,T (θ)
∫ T
0
∫ T
0
t42
(
A0kcos
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1+
+(µ0k + Td
−1
4k,T (θ)w4k)t2
)− A0kcos(λ0kt1 + µ0kt2)+
+B0ksin
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1 + (µ
0
k + Td
−1
4k,T (θ)w4k)t2
)
−
−B0ksin(λ0kt1 + µ0kt2)+
+Td−14k−3,T (θ)w4k−3 · cos
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1 + (µ
0
k + Td
−1
4k,T (θ)w4k)t2
)
+
+Td−14k−2,T (θ)w4k−2 · sin
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1 + (µ
0
k + Td
−1
4k,T (θ)w4k)t2
))2
×
39
×dt1dt2 ≤
≤ T
2
d44k,T (θ)
∫ T
0
∫ T
0
t42
((|A0k|+ |B0k|) · (Td−14k−1|w4k−1|t1 + Td−14k |w4k|t2)+
+Td−14k−3,T (θ)|w4k−3|+ Td−14k−2,T (θ)|w4k−2|
)2
dt1dt2 ≤
≤ 6(|A0k|+ |B0k|)2( T 128d24k−1,T (θ)d44k,T (θ)|w4k−1|2 + T
12
24d64k,T (θ)
|w4k|2
)
+
+
1
2
T 10
d44k,T (θ)d
2
4k−3,T (θ)
|w4k−3|2 + 1
2
T 10
d44k,T (θ)d
2
4k−2,T (θ)
|w4k−2|2 ≤ k4k,4k‖w‖2.
I, íàðåøòi, äëß âèïàäêó i = 4k− 1, l = 4k, òà i = 4k, l = 4k− 1,k = 1, N ,
T 2Φ4k−1,4k,T (w, 0)
d24k−1,T (θ)d
2
4k,T (θ)
=
T 2
d24k−1,T (θ)d
2
4k,T (θ)
∫ T
0
∫ T
0
t21t
2
2
(
A0kcos
(
(λ0k + Td
−1
4k−1,T (θ)×
×w4k−1)t1 + (µ0k + Td−14k,T (θ)w4k)t2
)− A0kcos(λ0kt1 + µ0kt2)+
+B0ksin
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1 + (µ
0
k + Td
−1
4k,T (θ)w4k)t2
)
−
−B0ksin(λ0kt1 + µ0kt2)+
+Td−14k−3,T (θ)w4k−3 · cos
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1 + (µ
0
k + Td
−1
4k,T (θ)w4k)t2
)
+
+Td−14k−2,T (θ)w4k−2 · sin
(
(λ0k + Td
−1
4k−1,T (θ)w4k−1)t1 + (µ
0
k + Td
−1
4k,T (θ)w4k)t2
))2
×
×dt1dt2 ≤
≤ T
2
d24k−1,T (θ)d
2
4k,T (θ)
∫ T
0
∫ T
0
t21t
2
2
((|A0k|+ |B0k|) · (Td−14k−1|w4k−1|t1 + Td−14k |w4k|t2)+
+Td−14k−3,T (θ)|w4k−3|+ Td−14k−2,T (θ)|w4k−2|
)2
dt1dt2 ≤
≤ 6(|A0k|+ |B0k|)2( T 1224d44k−1,T (θ)d24k,T (θ)|w4k−1|2 + T
12
24d24k−1,T (θ)d
4
4k,T (θ)
|w4k|2
)
+
+
3
16
T 10
d24k−1,T (θ)d
2
4k,T (θ)d
2
4k−3,T (θ)
|w4k−3|2 + 3
16
T 10
d24k−1(θ)d
2
4k,T (θ)d
2
4k−2,T (θ)
|w4k−2|2 ≤
≤ k4k−1,4k‖w‖2.
Âèêîíàííß íåðiâíîñòåé R5(i) i R5(ii) ïåðåâiðß¹òüñß àíàëîãi÷íî ïåðåâiðöi
âèêîíàííß óìîâ R3(i) i R3(ii) ïîïåðåäíüîãî ðîçäiëó.
JT (θ) äëß òðèãîíîìåòðè÷íî¨ ôóíêöi¨ ðåãðåñi¨ (1.2), (1.3) çáiãà¹òüñß äî
áëî÷íî-äiàãîíàëüíî¨ ìàòðèöi ç áëîêàìè
40
Jk =

1 0
B0k√
4((A0k)
2+(B0k)
2)/3
B0k√
4((A0k)
2+(B0k)
2)/3
0 1
−A0k√
4((A0k)
2+(B0k)
2)/3
−A0k√
4((A0k)
2+(B0k)
2)/3
B0k√
4((A0k)
2+(B0k)
2)/3
−A0k√
4((A0k)
2+(B0k)
2)/3
1 34
B0k√
4((A0k)
2+(B0k)
2)/3
−A0k√
4((A0k)
2+(B0k)
2)/3
3
4 1

,
k = 1, N. (3.23)
Çàñòîñó¹ìî êðèòåðié Ñiëüâåñòðà äëß ïåðåâiðêè äîäàòíî¨ âèçíà÷åíîñòi ìà-
òðèöi JT (θ). Äîñòàòíüî ïåðåâiðèòè óìîâè êðèòåðiþ äëß áëîêó Jk. Î÷åâèäíî,
ìiíîðè 41 > 0 òà 42 > 0;
43 = 1− (A
0
k)
2 + (B0k)
2
4((A0k)
2 + (B0k)
2)/3
=
1
4
> 0;
44 = 7
16
− 1
2
· (A
0
k)
2 + (B0k)
2
4((A0k)
2 + (B0k)
2)/3
=
1
16
> 0.
Òàêèì ÷èíîì, âñi ãîëîâíi ìiíîðè Jk ñòðîãî äîäàòíi i, çà êðèòåði¹ì Ñiëüâåñòðà,
ìàòðèöß ¹ äîäàòíî âèçíà÷åíîþ. Ç öüîãî âèïëèâà¹, ùî iñíó¹ äåßêå T0 òàêå, ùî
äëß T > T0 ìàòðèöß JT (θ
0) ¹ äîäàòíî âèçíà÷åíîþ, i óìîâó R4 âèêîíàíî.
Äëß òðèãîíîìåòðè÷íî¨ ìîäåëi (1.1)-(1.3) çà ïðèïóùåííßìèN,R1,R2 íîð-
ìîâàíà îöiíêà wˆT ñèëüíî êîíñèñòåíòíà (òåîðåìà 1), i, çîêðåìà, óìîâó ñëàáêî¨
êîíñèñòåíòíîñòi Ñ âèêîíàíî.
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4 Àñèìïòîòè÷íà íîðìàëüíiñòü îöiíêè íàéìåí-
øèõ êâàäðàòiâ
Â öüîìó ðîçäiëi ìè äîâîäèìî òåîðåìó ïðî àñèìïòîòè÷íó íîðìàëüíiñòü
ÎÍÊ θˆT â ñåíñi îçíà÷åííß 2 i çàñòîñîâó¹ìî ¨¨ äëß îòðèìàííß àñèìïòîòè÷íî¨
íîðìàëüíîñòi ÎÍÊ θˆT ïàðàìåòðiâ òðèãîíîìåòðè÷íî¨ ìîäåëi.
Ðîçãëßíåìî íåëiíiéíó ìîäåëü ðåãðåñi¨ (2.1) òà ââåäåìî ñiì'þ ìàòðè÷íèõ
ìið νT (dλ, dµ; θ) íà (R2,B), äå B − σ - àëãåáðà áîðåëåâèõ ïiäìíîæèí R2, ç
ìàòðè÷íèìè ùiëüíîñòßìè
(
νjlT (λ, µ; θ)
)q
j,l=1
, νjlT (λ, µ; θ) =
= gjT (λ, µ; θ)g
l
T (λ, µ; θ)
(∫
R2
∣∣gjT (λ, µ; θ)∣∣2dλdµ ∫
R2
∣∣glT (λ, µ; θ)∣∣2dλdµ
)−1/2
,
gjT (λ, µ; θ) =
∫ T
0
∫ T
0
ei(λt1+µt2)gj(t1, t2; θ)dt1dt2, j, l = 1, q.
Ââåäåìî óìîâó
R6. Ñiì'ß ìið νT (dλ, dµ; θ) ñëàáêî çáiãà¹òüñß ïðè T → ∞ äî äîäàòíî âè-
çíà÷åíî¨ ìàòðè÷íî¨ ìiðè ν(dλ, dµ; θ).
Óìîâà R6 îçíà÷à¹, ùî äëß áóäü-ßêî¨ îáìåæåíî¨ íåïåðåðâíî¨ ôóíêöi¨
a(λ, µ), (λ, µ) ∈ R2,∫
R2
a(λ, µ)νT (dλ, dµ; θ)→
∫
R2
a(λ, µ)ν(dλ, dµ; θ), T →∞. (4.1)
Çà óìîâè N(ii) ñïåêòðàëüíà ùiëüíiñòü f(λ1, λ2), λ = (λ1, λ2) ∈ R2 âèïàäêî-
âîãî ïîëß ε ¹ îáìåæåíîþ i íåïåðåðâíîþ ôóíêöi¹þ íà R2, äëß ßêî¨ âèêîíàíî
(4.1). Îäíi¹¨ óìîâè N(i) íå âèñòà÷à¹ äëß òîãî, ùîá ãîâîðèòè ïðî iñíóâàííß
ñïåêòðàëüíî¨ ùiëüíîñòi f , äëß ßêî¨ ñïðàâåäëèâå (4.1). Ó çâ'ßçêó ç öèì íàì
ïîòðiáíà äîäàòêîâà óìîâà (äèâ., íàïðèêëàä, ðîáîòè [26,27]).
NS. Âèïàäêîâå ïîëå ε(t), t ∈ R2, ìà¹ ñïåêòðàëüíó ùiëüíiñòü
f(λ1, λ2) = f(‖λ‖) = c(α)‖λ‖α−2Ls
( 1
‖λ‖
)
, (4.2)
äå c(α) =
Γ(2−α2 )
2αpiΓ(α2 )
, α ∈ (0, 1) i ñïiâïàäà¹ ç α iç óìîâè N(i), Ls  ëîêàëüíî
îáìåæåíà ïîâiëüíî çìiííà íà íåñêií÷åííîñòi ôóíêöiß òàêà, ùî f íåïåðåðâíà
â êîæíié òî÷öi ïëîùèíè R2 \ {0} i f(‖λ‖) ↑ ∞ ïðè ‖λ‖ → 0.
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Ôóíêöi¨ L ç óìîâè N(i) òà Ls ç óìîâè NS, âçàãàëi êàæó÷è, ðiçíi, àëå âîíè
åêâiâàëåíòíi íà íåñií÷åííîñòi [27]:
lim
r→∞
L(r)
Ls(r)
= 1.
Â ðîçäiëi 5 ðîáîòè [28] ðîçãëßíóòî äåêiëüêà âiäíîñíî ïðîñòèõ ïðèêëàäiâ, äå
âäà¹òüñß ßâíî çàïèñàòè ôóíêöi¨ L òà Ls ç óìîâ N(i) òà NS.
Îçíà÷åííß 3 Ìiðà ν(dλ, dµ; θ) íàçèâà¹òüñß ñïåêòðàëüíîþ ìiðîþ ôóíêöi¨
ðåãðåñi¨ g(t1, t2; θ) àáî, ùî òå æ ñàìå, ñïåêòðàëüíîþ ìiðîþ âåêòîð-ôóíêöi¨
∇g(t1, t2; θ) [8].
Îòæå, çà óìîâè R6∫
R2
νT (dλ, dµ; θ) =
(
Jjl,T (θ)
)q
j,l=1
= JT (θ),
i êîëè T → ∞, òî JT (θ) → J(θ) = ν(R2; θ) - äîäàòíî âèçíà÷åíà ìàòðèöß.
Òàêèì ÷èíîì, ç óìîâè R6 âèïëèâà¹ óìîâà R4.
Îçíà÷åííß 4 [29] Ñïåêòðàëüíà ùiëüíiñòü f âèïàäêîâîãî ïîëß ε íàçèâà¹-
òüñß ν-ïðèïóñòèìîþ, ßêùî âîíà iíòåãðîâíà çà ìiðîþ ν, òîáòî âñi åëåìåí-
òè ìàòðèöi
∫
R2 f(λ1, λ2)ν(dλ1, dλ2; θ) íàáóâàþòü ñêií÷åííèõ çíà÷åíü, òà
äëß ôóíêöi¨ a = f âèêîíó¹òüñß (4.1).
Òåîðåìà 4 Íåõàé âèêîíóþòüñß óìîâè C, R3, R5, R6, N(ii) àáî NS, ïðè-
÷îìó â äðóãîìó âèïàäêó ñïåêòðàëüíà ùiëüíiñòü f ¹ ν-ïðèïóñòèìîþ. Òîäi
îöiíêà uˆθ = dT (θ)(θT−θ) àñèìïòîòè÷íî íîðìàëüíà ç íóëüîâèì ñåðåäíiì òà
êîâàðiàöiéíîþ ìàòðèöåþ
γ(θ) = (2pi)2
(∫
R2
ν(dλ, dµ; θ)
)−1 ∫
R2
f(λ, µ)ν(dλ, dµ; θ)
(∫
R2
ν(dλ, dµ; θ)
)−1
.
(4.3)
Äîâåäåííß. Âèêîðèñòîâóþ÷è ââåäåíi ðàíiøå âåêòîðè (2.7) òà ñèñòåìó (2.10),
à òàêîæ ïîçíà÷åííß
blT =
gl(t1, t2; θ)
dlT (θ)
îòðèìó¹ìî, ùî
LiT (u) =
∫ T
0
∫ T
0
(
ε(t1, t2)−
q∑
l=1
blTul
)
biTdt1dt2 = 0,
43
òîáòî ∫ T
0
∫ T
0
ε(t1, t2)biTdt1dt2 =
=
q∑
l=1
blT
∫ T
0
∫ T
0
blT biTdt1dt2ul =
q∑
l=1
Jil,T (θ)ul, i = 1, q.
Òàêèì ÷èíîì, îòðèìó¹ìî ñèñòåìó ðiâíßíü âiäíîñíî u:
JT (θ)u = d
−1
T
∫ T
0
∫ T
0
ε(t1, t2)∇g(t1, t2; θ)dt1dt2.
Çâiäêè îòðèìó¹ìî
u˜T = J
−1
T (θ)
∫ T
0
∫ T
0
ε(t1, t2)d
−1
T (θ)∇g(t1, t2; θ)dt1dt2 = J−1T (θ)ζT , (4.4)
iñíóâàííß J−1T (θ) âèïëèâà¹ ç óìîâè R4.
Âèïàäêîâèé âåêòîð u˜T àñèïòîòè÷íî íîðìàëüíèé N(0; γ(θ)) ïðè T → ∞,
äå γ(θ) çàäàíî ôîðìóëîþ (4.3). Êîâàðiàöiéíà ìàòðèöß âåêòîðà u˜T ìà¹ âèãëßä
γT = J
−1
T (θ) · σ2T (θ) · J−1T (θ), (4.5)
äå σ2T (θ)  êîâàðiàöiéíà ìàòðèöß âåêòîðà ζT . Ïðè T →∞
γT (θ) =
= (2pi)2
(∫
R2
νT (dλ, dµ; θ)
)−1 ∫
R2
f(λ, µ)νT (dλ, dµ; θ)
(∫
R2
νT (dλ, dµ; θ)
)−1
→
(2pi)2
(∫
R2
ν(dλ, dµ; θ)
)−1 ∫
R2
f(λ, µ)ν(dλ, dµ; θ)
(∫
R2
ν(dλ, dµ; θ)
)−1
= γ(θ).
(4.6)
Íàñòóïíi ìiðêóâàííß ïîâòîðþþòü ìiðêóâàííß ðîáiò [10, 11], i ¨õ íàâåäåíî
òiëüêè äëß ïîâíîòè âèêëàäåííß äîâåäåííß òåîðåìè 4.
Äîâåäåìî, ùî ôóíêöiß ðîçïîäiëó FT (y1, y2; θ) âèïàäêîâîãî âåêòîðó uˆT =
dT (θ)(θˆT − θ) çáiãà¹òüñß ïðè T → ∞ äî ãàóññiâñüêî¨ ôóíêöi¨ ðîçïîäiëó
Φ0,γ(θ)(y1, y2). Äëß öüîãî ïîêàæåìî, ùî äëß äîâiëüíîãî r > 0
4T (r) = P{‖uˆT − u˜T‖ > r} → 0, T →∞. (4.7)
Çàïèøåìî ïîäiþ AT = {u˜T ∈ V c(R − r)}, äå R òàêå, ùî äëß T > T0,
çàâäßêè àñèìïòîòè÷íié íîðìàëüíîñòi u˜T , âèêîíó¹òüñß P{AT} ≤ ε3 , äå ε > 0 
ôiêñîâàíå ßê çàâãîäíî ìàëå ÷èñëî.
Òàêîæ ââåäåìî ïîäiþ
BT =
{
sup
u∈V c(R)
‖J−1T (θ) · (ΨT (u)− LT (u))‖ ≤ r
}
.
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Ç òåîðåìè 2 (ðåäóêöi¨) âèïëèâà¹, ùî äëß T > T0
P{BT} =
{
sup
u∈V c(R)
‖J−1T (θ) · (ΨT (u)− LT (u))‖ > r
} ≤
≤ P
{
λmax(J
−1
T (θ)) · sup
u∈V c(R)
‖ΨT (u)− LT (u)‖
〉
r} =
= P
{ 1
λmin(JT (θ))
· sup
u∈V c(R)
‖ΨT (u)− LT (u)‖
〉
r} ≤
≤ P
{
sup
u∈V c(R)
‖ΨT (u)− LT (u)‖ > λ∗r
}
≤ ε
3
.
Êðiì öüîãî, ðîçãëßíåìî ïîäiþ CT , ßêà ïîëßãà¹ â òîìó, ùî ÎÍÊ uˆT ¹ ¹äè-
íèì ðîçâ'ßçêîì ñèñòåìè ðiâíßíü (2.8), äî òîãî æ, äëß T > T0 P{CT} ≤ ε3 çà
òåîðåìîþ 3.
Îòðèìó¹ìî, ùî äëß T > T0
P{AT ∩BT ∩ CT} ≥ 1− ε. (4.8)
Ìà¹ìî äàëi
J−1T (θ)LT (u) = J
−1
T (θ)
(∫ T
0
∫ T
0
ε(t1, t2) · biT (θ)dt1dt2
)q
i=1
−
−J−1T (θ)
( q∑
l=1
ul
∫ T
0
∫ T
0
blT · biT (θ)dt1dt2
)q
i=1
=
= u˜T − J−1T (θ)
( q∑
l=1
ul · Jil,T (θ)
)q
i=1
= u˜T − u.
ßêùî ïîäiß AT ∩BT ∩ CT âiäáóëàñß, òî äëß u ∈ V c(R)
‖u+ J−1T (θ)ΨT (u)‖ = ‖u+ J−1T (θ)(ΨT (u)− LT (u)) + J−1T (θ)LT (u)‖ =
= ‖u+ u˜T − u+ J−1T (θ)(ΨT (u)− LT (u))‖ ≤
≤ ‖u˜T‖+ ‖J−1T (θ)(ΨT (u)− LT (u))‖ ≤ R− r + r = R,
òîáòî, FT (u) = u+ J
−1
T (θ)ΨT (u)  íåïåðåðâíå âiäîáðàæåííß V
c(R) â V c(R).
Äëß äîâåäåííß (4.7) âèêîðèñòà¹ìî òåîðåìó Áðàóåðà ïðî íåðóõîìó òî÷êó.
Òåîðåìà Áðàóåðà. Íåõàé F íåïåðåðâíå âiäîáðàæåííß V c(R) â ñåáå. Òîäi
iñíó¹ x0 ∈ V c(R) òàêå, ùî F (x0) = x0.
Çàñòîñó¹ìî äî FT (u) íàâåäåíó òåîðåìó. Îòðèìà¹ìî, ùî iñíó¹ òî÷êà u
0
T ∈
V c(R) òàêà, ùî FT (u
0
T ) = u
0
T , àáî, çàâäßêè íåâèðîäæåíîñòi J
−1
T (θ), ΨT (u
0
T ) =
0. Çàâäßêè âèêîíàííþ ïîäi¨ CT , ¹äèíèì ðîçâ'ßçêîì ñèñòåìè ðiâíßíü ΨT (u
0
T ) =
0 â êóëi V cT (R) ¹ íîðìîâàíà ÎÍÊ uˆT .
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Îòæå, {AT ∩ BT ∩ CT} ⊂ {uˆT ∈ V c(R)} i P{uˆT ∈ V c(R)} ≥ 1 − ε. Çàóâà-
æèìî, ùî ç (4.8) âèïëèâà¹
1− ε ≤ P{{uˆT ∈ V c(R)} ∩BT} =
= P
{
{uˆT ∈ V c(R)} ∩
{
sup
u∈V c(R)
‖J−1T (θ) · (ΨT (u)− LT (u))‖ ≤ r
}}
≤
≤ P{‖J−1T (θ) · (ΨT (uˆT )− LT (uˆT ))‖ ≤ r} = P{‖J−1T (θ) · LT (uˆT )‖ ≤ r} =
= P{‖u˜T − uˆT‖ ≤ r}. (4.9)
Îòðèìó¹ìî, ùî (4.7) âèïëèâà¹ ç (4.9). Ïîçíà÷èìî∏
(−∞; y ± ~ε) = (−∞; y1 ± ε)× · · · × (−∞; yq ± ε), ε > 0.
Âðàõîâóþ÷è (4.7), îòðèìó¹ìî äëß ôóíêöi¨ ðîçïîäiëó FT (y, θ) = P{uˆT ∈∏
(−∞; y)} äëß áóäü-ßêèõ y ∈ Rq òà äîâiëüíîãî ε > 0
FT (y, θ) ≥ P{u˜T ∈
∏
(−∞; y − ~ε)} −4T (ε), (4.10)
FT (y, θ) ≤ P{u˜T ∈
∏
(−∞; y + ~ε)}+4T (ε). (4.11)
ßê áóëî äîâåäåíî ðàíiøå, äëß äîâiëüíèõ y ∈ Rq, ε > 0
|P{u˜T ∈
∏
(−∞; y ± ~ε)} − Φ0,γ(θ)(y ± ~ε]| → 0, T →∞. (4.12)
Íåõàé ϕ(y, θ)  ãàóññiâñüêà ùiëüíiñòü, ùî âiäïîâiäà¹ ôóíêöi¨ ðîçïîäiëó
Φ0,γ(θ). Îñêiëüêè λmin(γ(θ)) = λ > 0, λmax(γ(θ)) = λ <∞, òî
ϕ(y, θ) ≤ (2piλ)−q/2 · exp
{−‖y‖2
2λ
}
= %(‖y‖).
Äëß A ∈ Bq (Bq  σ-àëãåáðà áîðåëåâèõ ïiäìíîæèí Rq) òà ε > 0 íåõàé
Aε =
{
x ∈ Rq : inf
y∈A
‖x− y‖ < ε},
A−ε = Rq \ (Rq \ Aε).
ßêùî A =
∏
(− inf; y), òî A−ε =
∏
(− inf; y − ~ε], i (∏(∞; y + ~ε))−ε =∏
(−∞; y] = Ac.
Äàëi íàì çíàäîáèòüñß íàñòóïíà òåîðåìà [30].
Òåîðåìà. Íåõàé %  íåâiä'¹ìíà äèôåðåíöiéîâíà ôóíêöiß íà [0,∞) òàêà,
ùî
(1) b =
∫ +∞
0
|%′(λ)|λq−1dλ <∞;
(2) lim
λ→∞
%(λ) = 0.
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Òîäi äëß äîâiëüíî¨ îïóêëî¨ ìíîæèíè C ∈ Bq òà äëß äîâiëüíèõ ε, δ > 0 ìà¹
ìiñöå íåðiâíiñòü ∫
Cε\C−δ
%(‖λ‖)dλ ≤ b 2pi
q/2
Γ(q/2)
(ε+ δ).
Çàñòîñîâóþ÷è íàâåäåíó òåîðåìó äî %(‖y‖), äëß áóäü-ßêîãî ψ 6= 0 îòðèìó-
¹ìî ∣∣Φ0,γ(θ)(y)− Φ0,γ(θ)(y + ~ψ)∣∣ = ∫∏ ϕ(y, θ)dy ≤ b · ( 2piq/2Γ(q/2)) · |ψ|, (4.13)
äå
∏
=
{∏
(−∞, y + ~ψ) \ Ac, ßêùî ψ > 0,
A \ Aψ, ßêùî ψ < 0.
Äëß áóäü-ßêèõ y ∈ Rq òà äëß äîâiëüíîãî ε > 0
FT (y, θ)− Φ0,γ(θ)(y) ≤ 4T (ε) + P{u˜T ∈
∏
(−∞; y + ~ε)} − Φ0,γ(θ)(y) ≤
≤ 4T (ε) + |P{u˜T ∈
∏
(−∞; y + ~ε)} − Φ0,γ(θ)(y)| ≤
≤ 4T (ε) + |P{u˜T ∈
∏
(−∞; y + ~ε)} − Φ0,γ(θ)(y + ~ε)|+
+|Φ0,γ(θ)(y + ~ε)− Φ0,γ(θ)(y)|; (4.14)
Φ0,γ(θ)(y)− FT (y, θ) ≤ 4T (ε)− P{u˜T ∈
∏
(−∞; y − ~ε)}+ Φ0,γ(θ)(y) ≤
≤ 4T (ε) + |Φ0,γ(θ)(y)− P{u˜T ∈
∏
(−∞; y − ~ε)}| ≤
≤ 4T (ε) + |Φ0,γ(θ)(y − ~ε)− P{u˜T ∈
∏
(−∞; y − ~ε)}|+
+|Φ0,γ(θ)(y)− Φ0,γ(θ)(y − ~ε)|; (4.15)
Çi ñïiââiäíîøåíü (4.7)-(4.15), îòðèìó¹ìî, ùî
FT (y, θ)→ Φ0,γ(θ)(y), T →∞. 
Çíàéäåìî êîìïîíåíòè νjk(dλ, dµ; θ
0) ñïåêòðàëüíî¨ ìiðè ν(dλ, dµ; θ0) òðè-
ãîíîìåòðè÷íî¨ ìîäåëi ðåãðåñi¨ (1.1)-(1.3) çi ñïiââiäíîøåíü [8]
lim
T→∞
d−1jT d
−1
kT
∫ T
0
∫ T
0
gj(t1 + h1, t2 + h2)gk(t1, t2)dt1dt2 =
= Gjk(h1, h2) =
∫
R2
ei(λh1+µh2)νjk(dλ, dµ), j, k = 1, 4N. (4.16)
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Äëß íàøî¨ ôóíêöi¨ ðåãðåñi¨ (1.2), (1.3)
lim
T→∞
d−24k−3,T
∫ T
0
∫ T
0
g4k−3(t1 + h1, t2 + h2)g4k−3(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 cos(λk(t1 + h1) + µk(t2 + h2))cos(λkt1 + µkt2)dt1dt2
T 2
2 +O(1)
=
= lim
T→∞
1
2T
2cos(λkh1 + µkh2) +O(1)
T 2
2 +O(1)
= cos(λkh1 + µkh2) = ak;
lim
T→∞
d−14k−3,Td
−1
4k−2,T
∫ T
0
∫ T
0
g4k−3(t1 + h1, t2 + h2)g4k−2(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 cos(λk(t1 + h1) + µk(t2 + h2))sin(λkt1 + µkt2)dt1dt2√
T 2
2 +O(1)
√
T 2
2 −O(1)
=
= lim
T→∞
−T 22 sin(λkh1 + µkh2)−O(1)√
T 2
2 +O(1)
√
T 2
2 −O(1)
= −sin(λkh1 + µkh2) = −bk;
lim
T→∞
d−14k−3,Td
−1
4k−1,T
∫ T
0
∫ T
0
g4k−3(t1 + h1, t2 + h2)g4k−1(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 cos(λk(t1 + h1) + µk(t2 + h2))√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
×
×(−t1Aksin(λkt1 + µkt2) + t1Bkcos(λkt1 + µkt2))dt1dt2 =
= lim
T→∞
AkT
3
4 sin(λkh1 + µkh2) +
BkT
3
4 cos(λkh1 + µkh2) +O(T )√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
=
=
√
3
4(A2k +B
2
k)
(
Aksin(λkh1 + µkh2) +Bkcos(λkh1 + µkh2)
)
= Ck;
lim
T→∞
d−14k−3,Td
−1
4k,T
∫ T
0
∫ T
0
g4k−3(t1 + h1, t2 + h2)g4k(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 cos(λk(t1 + h1) + µk(t2 + h2))√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
×
×(−t2Aksin(λkt1 + µkt2) + t2Bkcos(λkt1 + µkt2))dt1dt2 =
= lim
T→∞
AkT
3
4 sin(λkh1 + µkh2) +
BkT
3
4 cos(λkh1 + µkh2) +O(T )√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
=
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=√
3
4(A2k +B
2
k)
(
Aksin(λkh1 + µkh2) +Bkcos(λkh1 + µkh2)
)
= Ck;
lim
T→∞
d−14k−2,Td
−1
4k−3,T
∫ T
0
∫ T
0
g4k−2(t1 + h1, t2 + h2)g4k−3(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 sin(λk(t1 + h1) + µk(t2 + h2))cos(λkt1 + µkt2)dt1dt2√
T 2
2 +O(1)
√
T 2
2 −O(1)
=
= lim
T→∞
T 2
2 sin(λkh1 + µkh2)−O(1)√
T 2
2 +O(1)
√
T 2
2 −O(1)
= sin(λkh1 + µkh2) = bk;
lim
T→∞
d−24k−2,T
∫ T
0
∫ T
0
g4k−2(t1 + h1, t2 + h2)g4k−2(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 sin(λk(t1 + h1) + µk(t2 + h2))sin(λkt1 + µkt2)dt1dt2
T 2
2 +O(1)
=
= lim
T→∞
1
2T
2cos(λkh1 + µkh2)−O(1)
T 2
2 +O(1)
= cos(λkh1 + µkh2) = ak;
lim
T→∞
d−14k−2,Td
−1
4k−1,T
∫ T
0
∫ T
0
g4k−2(t1 + h1, t2 + h2)g4k−1(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 sin(λk(t1 + h1) + µk(t2 + h2))√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
×
×(−t1Aksin(λkt1 + µkt2) + t1Bkcos(λkt1 + µkt2))dt1dt2 =
= lim
T→∞
−AkT 34 cos(λkh1 + µkh2) + BkT
3
4 sin(λkh1 + µkh2) +O(T )√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
=
=
√
3
4(A2k +B
2
k)
(− Akcos(λkh1 + µkh2) +Bksin(λkh1 + µkh2)) = Dk;
lim
T→∞
d−14k−2,Td
−1
4k,T
∫ T
0
∫ T
0
g4k−2(t1 + h1, t2 + h2)g4k(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 sin(λk(t1 + h1) + µk(t2 + h2))√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
×
×(−t2Aksin(λkt1 + µkt2) + t2Bkcos(λkt1 + µkt2))dt1dt2 =
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= lim
T→∞
−AkT 34 cos(λkh1 + µkh2) + BkT
3
4 sin(λkh1 + µkh2) +O(T )√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
=
=
√
3
4(A2k +B
2
k)
(− Akcos(λkh1 + µkh2) +Bksin(λkh1 + µkh2)) = Dk;
lim
T→∞
d−14k−1,Td
−1
4k−3,T
∫ T
0
∫ T
0
g4k−1(t1 + h1, t2 + h2)g4k−3(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 cos(λkt1 + µkt2)√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
×
×(−(t1 + h1)Aksin(λk(t1 + h1) + µk(t2 + h2))+
+(t1 + h1)Bkcos(λk(t1 + h1) + µk(t2 + h2)))dt1dt2 =
= lim
T→∞
−Ak+Bk
2
(
T 3
2 + T
2h1
)(
sin(λkh1 + µkh2) + cos(λkh1 + µkh2)
)
+O(T )√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
=
=
√
3
4(A2k +B
2
k)
(− Aksin(λkh1 + µkh2) +Bkcos(λkh1 + µkh2)) = C ′k;
lim
T→∞
d−14k−1,Td
−1
4k−2,T
∫ T
0
∫ T
0
g4k−1(t1 + h1, t2 + h2)g4k−2(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 sin(λkt1 + µkt2)√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
×
×(− (t1 + h1)Aksin(λk(t1 + h1) + µk(t2 + h2))+
+(t1 + h1)Bkcos(λk(t1 + h1) + µk(t2 + h2))
)
dt1dt2 =
= lim
T→∞
−AkT 34 cos(λkh1 + µkh2)− BkT
3
4 sin(λkh1 + µkh2) +O(T )√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
=
=
√
3
4(A2k +B
2
k)
(− Akcos(λkh1 + µkh2)−Bksin(λkh1 + µkh2)) = D′k;
lim
T→∞
d−24k−1,T
∫ T
0
∫ T
0
g4k−1(t1 + h1, t2 + h2)g4k−1(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 (−t1Aksin(λkt1 + µkt2) + t1Bkcos(λkt1 + µkt2))
(A2k+B
2
k)T
4
6 +O(T
2)
×
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×
(
(−t1 + h1)Aksin(λk(t1 + h1) + µk(t2 + h2))+
+(t1 + h1)Bkcos(λk(t1 + h1) + µk(t2 + h2))
)
dt1dt2 =
= lim
T→∞
(
T 4
6 +
T 3h1
2
)(
A2k +B
2
k
)
cos(λkh1 + µkh2) +O(T
2)
(A2k+B
2
k)T
4
6 +O(T
2)
=
= cos(λkh1 + µkh2) = ak;
lim
T→∞
d−14k−1,Td
−1
4k,T
∫ T
0
∫ T
0
g4k−1(t1 + h1, t2 + h2)g4k(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 (−t2Aksin(λkt1 + µkt2) + t2Bkcos(λkt1 + µkt2))
(A2k+B
2
k)T
4
6 +O(T
2)
×
×
(
(−t1 + h1)Aksin(λk(t1 + h1) + µk(t2 + h2))+
+(t1 + h1)Bkcos(λk(t1 + h1) + µk(t2 + h2))
)
dt1dt2 =
= lim
T→∞
1
8
(
T 4 + T 3
)(
A2k +B
2
k
)
cos(λkh1 + µkh2) +O(T
2)
(A2k+B
2
k)T
4
6 +O(T
2)
=
=
3
4
cos(λkh1 + µkh2) =
3
4
ak;
lim
T→∞
d−14k,Td
−1
4k−3,T
∫ T
0
∫ T
0
g4k(t1 + h1, t2 + h2)g4k−3(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 cos(λkt1 + µkt2)√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
×
×(−(t2 + h2)Aksin(λk(t1 + h1) + µk(t2 + h2))+
+(t2 + h2)Bkcos(λk(t1 + h1) + µk(t2 + h2)))dt1dt2 =
= lim
T→∞
−Ak+Bk
2
(
T 3
2 + T
2h2
)(
sin(λkh1 + µkh2) + cos(λkh1 + µkh2)
)
+O(T )√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
=
=
√
3
4(A2k +B
2
k)
(− Aksin(λkh1 + µkh2) +Bkcos(λkh1 + µkh2)) = C ′k;
lim
T→∞
d−14k,Td
−1
4k−2,T
∫ T
0
∫ T
0
g4k(t1 + h1, t2 + h2)g4k−2(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 sin(λkt1 + µkt2)√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
×
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×(− (t2 + h2)Aksin(λk(t1 + h1) + µk(t2 + h2))+
+(t2 + h2)Bkcos(λk(t1 + h1) + µk(t2 + h2))
)
dt1dt2 =
= lim
T→∞
−AkT 34 cos(λkh1 + µkh2)− BkT
3
4 sin(λkh1 + µkh2) +O(T )√
T 2
2 +O(1)
√
(A2k+B
2
k)T
4
6 +O(T
2)
=
=
√
3
4(A2k +B
2
k)
(− Akcos(λkh1 + µkh2)−Bksin(λkh1 + µkh2)) = D′k;
lim
T→∞
d−14k,Td
−1
4k−1,T
∫ T
0
∫ T
0
g4k(t1 + h1, t2 + h2)g4k−1(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 (−t1Aksin(λkt1 + µkt2) + t1Bkcos(λkt1 + µkt2))
(A2k+B
2
k)T
4
6 +O(T
2)
×
×
(
(−t2 + h2)Aksin(λk(t1 + h1) + µk(t2 + h2))+
+(t2 + h2)Bkcos(λk(t1 + h1) + µk(t2 + h2))
)
dt1dt2 =
= lim
T→∞
1
8
(
T 4 + T 3
)(
A2k +B
2
k
)
cos(λkh1 + µkh2) +O(T
2)
(A2k+B
2
k)T
4
6 +O(T
2)
=
=
3
4
cos(λkh1 + µkh2) =
3
4
ak;
lim
T→∞
d−24k,T
∫ T
0
∫ T
0
g4k(t1 + h1, t2 + h2)g4k(t1, t2)dt1dt2 =
= lim
T→∞
∫ T
0
∫ T
0 (−t2Aksin(λkt1 + µkt2) + t2Bkcos(λkt1 + µkt2))
(A2k+B
2
k)T
4
6 +O(T
2)
×
×
(
(−t2 + h2)Aksin(λk(t1 + h1) + µk(t2 + h2))+
+(t2 + h2)Bkcos(λk(t1 + h1) + µk(t2 + h2))
)
dt1dt2 =
= lim
T→∞
(
T 4
6 +
T 3h2
2
)(
A2k +B
2
k
)
cos(λkh1 + µkh2) +O(T
2)
(A2k+B
2
k)T
4
6 +O(T
2)
=
= cos(λkh1 + µkh2) = ak.
Òàêèì ÷èíîì îòðèìó¹ìî, ùî ìàòðèöß G = (Gjk)
4N
j,k=1 ¹ áëî÷íî-äiàãîíàëüíîþ
ìàòðèöåþ ç áëîêàìè
Gk =

ak −bk Ck Ck
bk ak Dk Dk
C ′k D
′
k ak
3
4ak
C ′k D
′
k
3
4ak ak
 , k = 1, N. (4.17)
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Çi ñïiââiäíîøåíü (4.16) âèïëèâà¹, ùî øóêàíà ñïåêòðàëüíà ìiðà òðèãîíî-
ìåòðè÷íî¨ ôóíêöi¨ ðåãðåñi¨ (1.2), (1.3) ¹ áëî÷íî-äiàãîíàëüíîþ ìàòðèöåþ ç áëî-
êàìè
νk(dλ, dµ; θ
0) =

δk iρk ek ek
−iρk δk fk fk
ek fk δk
3
4δk
ek fk
3
4δk δk
 , (4.18)
äå
ek =
( 3
4(A2k +B
2
k)
)1/2
(Bkδk − iAkρk), fk =
( 3
4(A2k +B
2
k)
)1/2
(−Akδk − iBkρk),
ek =
( 3
4(A2k +B
2
k)
)1/2
(Bkδk + iAkρk), fk =
( 3
4(A2k +B
2
k)
)1/2
(−Akδk + iBkρk),
ρk
({±(λ0k, µ0k)}) = ±12 , δk({±(λ0k, µ0k)}) = 12 , k = 1, N. (4.19)
Ëåìà 3 Çà óìîâ R1, R2, NS ñïåêòðàëüíà ùiëüíiñòü f ïîëß ε ¹ ν-
ïðèïóñòèìîþ, äå ν  ñïåêòðàëüíà ìiðà (4.18), (4.19) òðèãîíîìåòðè÷íî¨
ôóíêöi¨ ðåãðåñi¨ (1.2), (1.3).
Äîâåäåííß. Íåõàé
f c(‖λ‖) = f(‖λ‖)X{λ ∈ R2 : f(‖λ‖) ≤ c}+ cX{λ ∈ R2 : f(‖λ‖) > c}
 çðiçêà ôóíêöi¨ f íà ðiâíi c > 0. Çàïèøåìî∣∣∣ ∫
R2
f(‖λ‖)νklT (dλ; θ0)−
∫
R2
f(‖λ‖)νkl(dλ; θ0)
∣∣∣ ≤
≤
∣∣∣ ∫
R2
f(‖λ‖)νklT (dλ; θ0)−
∫
R2
f c(‖λ‖)νklT (dλ; θ0)
∣∣∣+
+
∣∣∣ ∫
R2
f c(‖λ‖)νklT (dλ; θ0)−
∫
R2
f c(‖λ‖)νkl(dλ; θ0)
∣∣∣+
+
∣∣∣ ∫
R2
f c(‖λ‖)νkl(dλ; θ0)−
∫
R2
f(‖λ‖)νkl(dλ; θ0)
∣∣∣ =
= Ikl1 (T, c) + I
kl
2 (T, c) + I
kl
3 (T, c), k, l = 1, 4N. (4.20)
Ïîäàëüøi ìiðêóâàííß àíàëîãi÷íi äîâåäåííþ òåîðåìè 2 òà ðîçãëßäó ïðè-
êëàäó 5 ðîáîòè [31], i òîìó ìè íå áóäåìî ¨õ ïðîâîäèòè äåòàëüíî.
Ïåðø çà âñå, âñi iíòåãðàëè
∫
R2 f(‖λ‖)νkl(dλ; θ0), k, l = 1, 4N iñíóþòü
çàâäßêè òîìó, ùî ν  àòîìíà ìiðà, i âñi ¨¨ àòîìè çíàõîäßòüñß â òî÷êàõ
±(λ0k, µ0k), k = 1, N , ßêi âiäîêðåìëåíi âiä ïî÷àòêó êîîðäèíàò. Çàóâàæèìî
äàëi, ùî
lim
c→∞ I
kl
3 (c) = 0, k, l = 1, 4N, (4.21)
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çà òåîðåìîþ Ëåáåãà ïðî ìîíîòîííó çáiæíiñòü. Ç iíøîãî áîêó, ïðè ôiêñîâàíîìó
c
lim
T→∞
Ikl2 (T, c) = 0, k, l = 1, 4N, (4.22)
çà îçíà÷åííßì ñëàáêî¨ çáiæíîñòi.
Çàïèøåìî äëß k, l = 1, 4N
Ikl1 (T, c) ≤
1
(2pi)2
∫
{λ∈R2:f(‖λ‖)>c}
(
f(‖λ‖)− c) |gkT (λ; θ0)|
dkT (θ0)
· |g
l
T (λ; θ
0)|
dlT (θ0)
dλ.
ßêùî ðiâåíü c  äîñòàòíüî âåëèêå ÷èñëî, òî çà óìîâè NS λ ∈ R2 òàêi, ùî
f(‖λ‖) > c, ïîòðàïëßþòü â íàñòiëüêè ìàëèé îêië íóëß V (c), ùî ÷àñòîòè
(λ0i , µ
0
i ), i = 1, N ïîòðàïëßþòü çà ìåæi öüîãî îêîëó, i òîìó äëß λ ∈ V (c) ïðß-
ìèìè ïiäðàõóíêàìè ìîæíà îòðèìàòè îöiíêè íàñòóïíîãî âèãëßäó: äëß T > T0
d−1kT (θ
0) max
λ∈V (c)
∣∣gkT (λ; θ0)∣∣ ≤ hk(c)T−1, k = 1, 4N, (4.23)
ùî ïðèçâîäèòü äî îöiíêè
Ikl1 (T, c) ≤
(
1
(2pi)2
∫
V (c)
(
f(‖λ‖)− c)dλ)hk(c)hl(c)T−2, k, l = 1, 4N. (4.24)
Òàêèì ÷èíîì, äëß áóäü-ßêîãî ε > 0 òà T > T0 ìîæíà âçßòè òàêå c1 > 0, ùî
äëß c > c1 I
kl
1 (T, c) < ε/3, i òàêå c2 > 0, ùî äëß c > c2 I
kl
3 (c) < ε/3. Ôiêñóþ÷è
äàëi c > c1∨c2 i çíàõîäèìî T1 = T1(ε) > T0 òàêå, ùî äëß T > T1 Ikl2 (T, c) < ε/3.
Áà÷èìî, ùî iç ñïiââiäíîøåíü (4.21), (4.22), (4.24) âiðíèõ äëß k, l = 1, 4N
âèïëèâà¹ òâåðäæåííß ëåìè. 
Çàñòîñó¹ìî òåîðåìó 4 äî òðèãîíîìåòðè÷íî¨ ôóíêöi¨ ðåãðåñi¨ (1.2), (1.3).
Òîäi ìè ìîæåìî ñòâåðäæóâàòè, ùî íîðìîâàíà ÎÍÊ uˆ(θ) = dT (θ)(θT − θ)
ïàðàìåòðiâ òðèãîíîìåòðè÷íî¨ ôóíêöi¨ ðåãðåñi¨ (1.2), (1.3) àñèìïòîòè÷íî íîð-
ìàëüíà ç íóëüîâèì ñåðåäíiì òà áëî÷íî-äiàãîíàëüíîþ êîâàðiàöiéíîþ ìàòðèöåþ
ç áëîêàìè γk(θ) = (2pi)
2f(λ0k, µ
0
k)J
−1
k , äå
Jk =

1 0
B0k√
4((A0k)
2+(B0k)
2)/3
B0k√
4((A0k)
2+(B0k)
2)/3
0 1
−A0k√
4((A0k)
2+(B0k)
2)/3
−A0k√
4((A0k)
2+(B0k)
2)/3
B0k√
4((A0k)
2+(B0k)
2)/3
−A0k√
4((A0k)
2+(B0k)
2)/3
1 34
B0k√
4((A0k)
2+(B0k)
2)/3
−A0k√
4((A0k)
2+(B0k)
2)/3
3
4 1

,
k = 1, N. (4.25)
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Ïåðåéäåìî âiä íîðìîâàíî¨ ÎÍÊ uˆ(θ) = dT (θ)(θT − θ) äî íîðìîâàíî¨ ÎÍÊ
(T (A1T − A01), T (B1T −B01), T 2(λ1T − λ01), T 2(µ1T − µ01), . . . ,
T (ANT − A0N), T (BNT −B0N), T 2(λNT − λ0N), T 2(µNT − µ0N)) (4.26)
i ââåäåìî áëî÷íî-äiàãîíàëüíó ìàòðèöþ Q ç áëîêàìè
Qk =

2−1/2 0 0 0
0 2−1/2 0 0
0 0
√
1
6((A
0
k)
2 + (B0k)
2) 0
0 0 0
√
1
6((A
0
k)
2 + (B0k)
2)
 , k = 1, N.
(4.27)
Òîäi âåêòîð (4.26) àñèìïòîòè÷íî íîðìàëüíèé N(0,Γ(θ0)), äå Γ(θ0)  áëî÷íî-
äiàãîíàëüíà ìàòðèöß ç áëîêàìè
(2pi)2f(λ0k, µ
0
k)
[
QkJkQk
]−1
=
= 2pi2f(λ0k, µ
0
k)

1 0 12B
1
2B
0 1 −12A −12A
1
2B −12A 13((A0k)2 + (B0k)2) 14((A0k)2 + (B0k)2)
1
2B −12A 14((A0k)2 + (B0k)2) 13((A0k)2 + (B0k)2)

−1
,
k = 1, N. (4.28)
Îáåðòàþ÷è öi ìàòðèöi, ñôîðìóëþ¹ìî îñòàòî÷íèé ðåçóëüòàò ïðî àñèìïòî-
òè÷íó íîðìàëüíiñòü ÎÍÊ ïàðàìåòðiâ òðèãîíîìåíòðè÷íî¨ ôóíêöi¨ ðåãðåñi¨
(1.2), (1.3).
Òåîðåìà 5 ßêùî äëß òðèãîíîìåòðè÷íî¨ ôóíêöi¨ ðåãðåñi¨ (1.2), (1.3) âèêî-
íàíî óìîâè R1, R2, N(ii) àáî N(i) òà NS, òî íîðìîâàíà ÎÍÊ (T (A1T −
A01), T (B1T − B01), T 2(λ1T − λ01), T 2(µ1T − µ01), . . . , T (ANT − A0N), T (BNT −
B0N), T
2(λNT − λ0N), T 2(µNT − µ0N)) àñèìïòîòè÷íî íîðìàëüíà ç íóëüîâèì
ñåðåäíiì òà êîâàðiàöiéíîþ ìàòðèöåþ Ψ(θ0), äå Ψ(θ0) - áëî÷íî-äiàãîíàëüíà
ìàòðèöß ç áëîêàìè
Ψk =
8pi2f(λ0k, µ
0
k)
(A0k)
2 + (B0k)
2

(A0k)
2 + 7(B0k)
2 −6A0kB0k −6B0k −6B0k
−6A0kB0k 7(A0k)2 + (B0k)2 6A0k 6A0k
−6B0k 6A0k 12 0
−6B0k 6A0k 0 12
 , k = 1, N.
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Âèñíîâêè
Ó ìàãiñòåðñüêié äèñåðòàöi¨ îòðèìàíî ñèëüíó êîíñèñòåíòíiñòü òà àñèìïòî-
òè÷íó íîðìàëüíiñòü ÎÍÊ â ñåíñi Óîëêåðà ïàðàìåòðiâ ñèíóñî¨äíî¨ ìîäåëi òåêñ-
òóðîâàíî¨ ïîâåðõíi çà óìîâè, ùî ïàðàìåòðè÷íà ìíîæèíà, ùî ìiñòèòü iñòèííå
çíà÷åííß âåêòîðíîãî ïàðàìåòðà i â ßêié øóêà¹òüñß ÎÍÊ, ðîçäiëß¹ äåßêèì
÷èíîì êóòîâi ÷àñòîòè, à âèïàäêîâèé øóì ¹ îäíîðiäíèì òà içîòðîïíèì ãàóñ-
ñiâñüêèì ïîëåì íà ïëîùèíi, êîâàðiàöiéíà ôóíêöiß òà îäíîðiäíà ñïåêòðàëüíà
ùiëüíiñòü ßêîãî çàäîâîëüíß¹ äåßêèì óìîâàì ðåãóëßðíîñòi, ßêi îõîïëþþòü i
âèïàäîê ñèëüíî¨ çàëåæíîñòi öüîãî ïîëß.
Ïðèðîäíèì íàïðßìêîì ïðîäîâæåííß äîñëiäæåíü ¹ ïîøèðåííß äîâåäåíèõ
òåîðåì íà íåãàóññiâñüêi êëàñè âèïàäêîâèõ øóìiâ òàêèõ, ßê, íàïðèêëàä, ëiíié-
íi âèïàäêîâi ïîëß íà ïëîùèíi. Äóæå âàæëèâîþ çàäà÷åþ òàêîæ ¹ îòðèìàííß
àñèìïòîòè÷íèõ âëàñòèâîñòåé ïåðiîäîãðàìíèõ îöiíîê ïàðàìåòðiâ òåêñòóðîâà-
íî¨ ïîâåðõíi.
Âàæëèâå òåîðåòè÷íå çíà÷åííß ìà¹ òàêîæ óçàãàëüíåííß îòðèìàíèõ ðåçóëü-
òàòiâ íà áàãàòîâèìiðíi òðèãîíîìåòðè÷íi ìîäåi ðåãðåñi¨, â ßêèõ ïiä çíàêàìè
ñèíóñiâ òà êîñèíóñiâ ñòîßòü ëiíiéíi ôîðìè âiä, ñêàæiìî, d > 2 çìiííèõ, à
âèïàäêîâèé øóì ¹ ïîëåì, ùî çàëåæèòü âiä d−âèìiðíîãî ïàðàìåòðà.
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